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Introduction 

The aim of this book is to give a rigorous introduction for the graduate 
students to Analysis on Wiener space, a subject which has grown up very 
quickly these recent years under the new impulse of the Stochastic Calculus 
of Variations of Paul Malliavin (cf. [55]). A portion of the material exposed 
is our own research, in particular, with Moshe Zakai and Denis Feyel for the 
rest we have used the works listed in the bibliography 

The origin of this book goes back to a series of seminars that I had given 
in Bilkent University of Ankara in the summer of 1987 and also during the 
spring and some portion of the summer of 1993 at the Mathematics Insti- 
tute of Oslo University and a graduate course dispensed at the University of 
Paris VI. An initial and rather naive version of these notes has been pub- 
lished in Lecture Notes in Mathematics series of Springer at 1995. Since then 
we have assisted to a very quick development and progress of the subject in 
several directions. In particular, its use has been remarked by mathemati- 
cal economists. Consequently I have decided to write a more complete text 
with additional contemporary applications to illustrate the strength and the 
applicability of the subject. Several new results like the logarithmic Sobolev 
inequalities, applications of the capacity theory to the local and global differ- 
entiability of Wiener functionals, probabilistic notions of the convexity and 
log-concavity, the Monge and the Monge-Kantorovitch measure transporta- 
tion problems in the infinite dimensional setting and the analysis on the path 
space of a compact Lie group are added. 

Although some concepts are given in the first chapter, I assumed that the 
students had already acquired the notions of stochastic calculus with semi- 
martingales, Brownian motion and some rudiments of the theory of Markov 
processes. 

The second chapter deals with the definition of the (so-called) Gross- 
Sobolev derivative and the Ornstein-Uhlenbeck operator which are indispens- 
able tools of the analysis on Wiener space. In the third chapter we begin the 
proof of the Meyer inequalities, for which the hypercontractivity property 
of the Ornstein-Uhlenbeck semi-group is needed. We expose this last topic 
in the fourth chapter and give the classical proof of the logarithmic Sobolev 
inequality of L. Gross for the Wiener measure. In chapter V, we complete 
the proof of Meyer inequalities and study the distribution spaces which are 
defined via the Ornstein-Uhlenbeck operator. In particular we show that 
the derivative and divergence operators extend continuously to distribution 
spaces. In the appendix we indicate how one can transfer all these results 
to arbitrary abstract Wiener spaces using the notion of time associated to a 
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continuous resolution of identity of the underlying Cameron-Martin space. 

Chapter VI begins with an extension of Clark's formula to the distribu- 
tions defined in the preceding chapter. This formula is applied to prove the 
classical — 1-law and as an application of the latter, we prove the positivity 
improving property of the Ornstein-Uhlenbeck semigroup. We then show 
that the functional composition of a non-degenerate Wiener functional with 
values in IR n , (in the sense of Malliavin) with a real-valued smooth function 
on IR ra can be extended when the latter is a tempered distribution if we look 
at to the result as a distribution on the Wiener space. This result contains the 
fact that the probability density of a non-degenerate functional is not only 
C°° but also it is rapidly decreasing. This observation is then applied to prove 
the regularity of the solutions of Zakai equation of the nonlinear filtering and 
to an extension of the Ito formula to the space of tempered distributions 
with non-degenerate Ito processes. We complete this chapter with two non- 
standart applications of Clark's formula, the first concerns the equivalence 
between the independence of two measurable sets and the orthogonality of 
the corresponding kernels of their Ito-Clark representation and the latter is 
another proof of the logarithmic Sobolev inequality via Clark's formula. 

Chapter VII begins with the characterization of positive (Meyer) distri- 
butions as Radon measures and an application of this result to local times. 
Using capacities defined with respect to the Ornstein-Uhlenbeck process, we 
prove also a stronger version of the — 1-law alraedy exposed in Chapter VI: 
it says that any if-invariant subset of the Wiener space or its complement 
has zero CV,i-capacity. This result is then used that the H- gauge functionals 
of measurable sets are finite quasi-everywhere instead of almost everywhere. 
We define also there the local Sobolev spaces, which is a useful notion when 
we study the problems where the integrability is not a priori obvious. We 
show how to patch them together to obtain global functionals. Finally we 
give a short section about the distribution spaces defined with the second 
quantization of a general "elliptic" operator, and as an example show that 
the action of a shift define a distribution in this sense. 

In chapter eight we study the independence of some Wiener functionals 
with the previously developed tools. 

The ninth chapter is devoted to some series of moment inequalities which 
are important in applications like large deviations, stochastic differential 
equations, etc. In the tenth chapter we expose the contractive version of 
Ramer's theorem as another example of the applications of moment inequal- 
ities developed in the preceding chapter and as an application we show the 
validity of the logarithmic Sobolev inequality under this perturbated mea- 
sures. Chapter XI deals with a rather new notion of convexity and concavity 
which is quite appropriate for the equivalence classes of Wiener functionals. 
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We believe that it will have important applications in the field of convex 
analysis and financial mathematics. Chapter XII can be regarded as an im- 
mediate application of Chapter XI, where we study theproblem of G. Monge 
and its generalization, called the Monge-Kantorovitcbu measure transporta- 
tion problem for general measures with a singular quadratic cost function, 
namely the square of the Cameron-Martin norm. Later we study in detail 
when the initial measure is the Wiener measure. 

The last chapter is devoted to construct a similar Sobolev analysis on 
the path space over a compact Lie group, which is the simplest non-linear 
situation. This problem has been studied in the more general case of compact 
Riemannian manifolds (cf. [55], [57]), however, I think that the case of Lie 
groups, as an intermediate step to clarify the ideas, is quite useful. 

Ali Siileyman Ustiinel 



1 Another spelling is " Kantorovich" . 
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Chapter 1 

Introduction to Stochastic 
Analysis 

This chapter is devoted to the basic results about the Wiener measure, Brow- 
nian motion, construction of the Ito stochastic integral, Cameron-Martin and 
Girsanov theorems, representation of the Wiener functionals with stochastic 
integrals and the Ito- Wiener chaos decomposition which results from it. The 
proofs are rather sketchy whenever they are given; for complete treatment 
of these results we refer the reader to the excellent references given in the 
bibliography. 

1.1 The Brownian Motion and the Wiener 
Measure 

Let W = C o ([0, 1]), define W t as to be the coordinate functional, i.e., for 
w E W and t E [0, 1], let W t {w) = w(t) . If we note by B t = a{W s ; s < t}, 
then, the following theorem is well-known (cf. for instance |8T]): 

Theorem 1.1.1 There is one and only one measure fi onW which satisfies 
the following properties: 

i) fi{wEW : W {w) = 0} = 1, 

ii) For any f E C^°(1R) ; the stochastic process process 

(t,w) i y f(W t (w)) - I f Af(W s (w))ds 

2 Jo 

is a {B t , n) -martingale, where A denotes the Laplace operator, /i is 
called the (standard) Wiener measure. 



1 



2 



Brownian Motion 



From Theorem 11.1. 11 it follows that, for t > s, 

{-^ 2 (*-s)} , 

hence (t,w) W t {w) is a continuous additive process (i.e., a process with 
independent increments) and (W t ;t G [0, 1]) is also a continuous martingale. 



ja(Wt-Ws)lg 



1.2 Stochastic Integration 

The stochastic integration with respect to the Brownian motion is first de- 
fined on the adapted step processes and then extended to their completion 
by isometry. A mapping K : [0, 1] x W — > JR is called a step process if it can 
be represented in the following form: 

n 

K t{w) = Ys a i( w ) ■ ifoA+oW* a i( w ) e l2 ( b u) ■ 

1=1 

For such a step process, we define its stochastic integral with respect to the 
Brownian motion, which is denoted by 

I(K) = f 1 K s dW s (w) 
Jo 

as to be 

n 

5>H (w ti+1 (w)-w ti (w)). 

i=l 

Using the the independence of the increments of (W t ,t e [0, 1]), it is easy to 
see that 









2' 




E 




f 1 K s dW s 




= E t\K s \ 






Jo 




Jo 



i.e., I is an isometry from the adapted step processes into L 2 (fi), hence it 
has a unique extension as an isometry from 

L 2 ([0, 1] x W, A, dt x dfj) -A L 2 (/x) 

where A denotes the sigma algebra on [0, 1] X W generated by the adapted, 
left (or right) continuous processes. The extension of I{K) is called the 
stochastic integral of K and it is denoted as Jq K s dW s . If we define 

I t (K) = f K a dW s 
Jo 
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as 

f l m (s)K s dW s , 

J 

it follows from the Doob inequality that the stochastic process t h-> It(K) is a 
continuous, square integrable martingale. With some localization techniques 
using stopping times, / can be extended to any adapted process K such that 
Jq Kg(w)ds < oo a.s. In this case the process t h-> It(K) becomes a local 
martingale, i.e., there exists a sequence of stopping times increasing to one, 
say (T n ,n G IN) such that the process t h-> I tATn (K) is a (square integrable) 
martingale. Vector (i.e. IR™)- valued Brownian motion is defined as a pro- 
cess whose components are independent, real-valued Brownian motions. A 
stochastic process (X t ,t > 0) with values in a finite dimensional Euclidean 
space is called an Ito process if it can be represented as 

X t = X + f a s dW s + f b s ds , 
Jo Jo 

where (W t ,t > 0) is a vector valued Brownian motion and a and b are 
respectively matrix and vector valued, adapted, measurable processes with 
/o(|a s | 2 + \b s \)ds < oo almost surely for any t > 0. In the sequel the no- 
tation Jq H s dX s will mean J * H s a s dW s + J l H s b s ds, we shall also denote by 
([X, X] t ,t > 0) the Doob-Meyer process defined as 

[X, X] t — / trace (a s a* s ) ds . 
Jo 

This is the unique increasing process such that {\X t \ 2 — [X,X] t ,t > 0) is a 
(continuous) local martingale. It can be calculated as the limit of the sums 

n n „ 

lim£(l^ +1 | 2 -pQJ 2 ) = lim£(|X ti+1 |-pQj) 
i=i i=i 

n 

= lim£ E [\X U+1 \ 2 - \X U \ 2 \F U , 
i=i 

where the limit is taken as the length of the partition {ti, . . . , t n +i} °f [0, t], 
defined by sup^ \t i+ i — U\, tends to zero. 

1.3 Ito formula 

The following result is one of the most important applications of the stochas- 
tic integration: 
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Theorem 1.3.1 Let f G C 2 (IR) and let (X t ,t G [0,1]) be an Ito process, 
i.e., 

X t = X + [ K r dW r + [ U r dr 
Jo Jo 

where X is Bo-measurable, K and U are adapted processes with 

dr < oo (1.3.1) 

almost surely. Then 

f(X t ) = f(X )+ f f{X s )K s dW s + \ f f"(X s )K 2 s ds 
Jo 2 Jo 

+ f f(X r )U r dr. 
Jo 

Remark 1.3.2 This formula is also valid in the several dimensional case. In 
fact, if K is and U are adapted processes with values in H n ® JR m and IR m 
respectively whose components are satisfying the condition (11.3. II) . then we 
have, for any / G C 2 (lR m ), 

f(X t ) = f(X )+ f OJiX^K^dW? + f dif{X r )Ui{r)dr 
Jo Jo 

+~£dt j f(X r )(K r K* r ) ij dr 

almost surely. 

To prove the Ito formula we shall proceed by 

Lemma 1.3.3 Let X = (X t ,t > 0) and Y = (Y t ,t > 0) be two Ito real- 
valued processes, then 

X t Y t = X Y + f X s dY s + /' Y s dX s + [X, Y] t , (1.3.2) 
Jo Jo 

almost surely, where [X, Y] denotes the Doob-Meyer process. In particular 

X 2 t = Xl + 2 f X s dX s + [X,X] t . (1.3.3) 
Jo 

Proof: Evidently it suffices to prove the relation (11.3.31) . since we can obtain 
(11.3.21) via a polarization argument. Since X has almost surely continuous 
trajectories, using a stopping time argument we can assume that X is almost 
surely bounded. Assume now that {ti,...,t n } is a partition of [0,t] and 



\K r \ 2 + \U r 
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denote by (M t ,t > 0) the local martingale part and by (A t ,t > 0) the finite 
variaton part of X. We have 

n n 

X 2 t -Xl = Y,( X t k -X tk _ 1 ) 2 + 2^X tk _ 1 (X tk -X tk _ 1 ) (1.3.4) 

k=l fe=l 

k=l fe=l 
n 

+2EV l (^"Vi)- ( L3 - 6 ) 
fc=i 

Now, when sup fc — £fe_i| — >■ 0, then the first term at the right hand side 
of (11.3.51) converges to [X, X] t and the sum of the second term with (I1.3.6P 
converges to 2 f X s dX s in probability. □ 

Proof of the Ito formula: 

Using a stopping argument we can assume that X takes its values in a 
bounded interval, say [— K, K\. The interest of this argument resides in the 
fact that we can approach a C 2 function, as well as its first two derivatives 
uniformly by the polynomials on any compact interval. On the other hand, 
using Lemma ll.3.3[ we see that the formula is valid for the polynomials. Let 
us denote by (Tf) t the random variable 

/(X,) - f(X ) - f f(X s )dX s -\C f"(X s )d[X, X] s . 
Jo I Jo 

Assume moreover that (p n ,n > 1) is a sequence of polynomials such that 
(Pn, > 1), ip'n, > 1) and (p", > 1) converge uniformly on [-K, K] to /, /' and 
to /" respectively. Choosing a subsequence, if necessary, we may assume that 

SUP (I/Or) -p n (x)\ + \f'(x) -p' n (x) \ + \ f"(x) -Pn(x)\) < l/n . 
xe[-K,K] 

Using the Doob and the Chebytchev inequalities, it is easy to see that (Tf) t — 
(Tp n ) t converges to zero in probability, since (Tp n ) t = almost surely, (Tf) t 
should be also zero almost surely and this completes the proof of the Ito 
formula. □ 

As an immediate corollary of the Ito formula we have 

Corollary 1.3.4 For any h G L 2 ([0, 1}), the process defined by 

E t {I{h)) = exp h s dW s - l -J^ h 2 s ds^j 

is a martingale. 
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Proof: Let us denote £ t (I(h)) by M t , then from the Ito formula we have 

M t = 1 + f M s h s dW s , 
Jo 

hence (M t ,t G [0,1]) is a local martingale, moreover, since 1(h) is Gaus- 
sian, Mi is in all the L p -spaces, hence (M t ,t G [0, 1]) is a square integrable 
martingale. □ 



I. 4 Alternative constructions of the Wiener 

measure 

A) Let us state first the celebrated theorem of Ito-Nisio about the con- 
vergence of the random series of independent, Banach space valued random 
variables (cf. [12]): 

Theorem 1.4.1 (Ito-Nisio Theorem) Assume that (X n ,n G IN) is a se- 
quence of independent random variables with values in a separable Banach 
space B whose continuous dual is denoted by B* . The sequence (S n ,n G IN) 
defined as 

n 

S n = J]] Xi , 

i=l 

converges almost surely in the norm topology of B if and only if there exists 
a probability measure v on B such that 

lim£ 

n 

for any £ G B* . 

We can give another construction of the Brownian motion using Theorem 

II. 4.11 as follows: Let (j^i G IN) be an independent sequence of Aq(0, 1)- 
Gaussian random variables. Let (<?j) be a complete, orthonormal basis of 
L 2 ([0, 1]). Then W t defined by 

oo . t 

W t (w) = X)7iH • / 9i{s)ds 

converges almost surely uniformly with respect to t G [0, 1] and (W t , t G [0, 1]) 
is a Brownian motion. In fact to see this it suffices to apply Theorem 11.4.11 
to the sequence (X n , n G IN) defined by 

X n (w) = "/ n (w) / g n (s)ds. 
Jo 



j<t,s„> 



J<Z,y> 



v(dy) 
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Remark 1.4.2 In the sequel we shall denote by H the so-called Cameron- 
Martin space H([0, 1], ]R n ) (in case n = 1 we shall again write simply H or, 
in case of necessity H([0, 1])) i. e., the isometric image of L 2 ([0, 1], IR n ) under 
the mapping 

9~> 9{r)dr. 
Jo 

Hence for any complete, orthonormal basis {g^i G IN) of L 2 ([0, 1], IR"), 
(J gi(s)ds, % G IN) is a complete orthonormal basis of H([0, 1], IR n ). The 
use of the generic notation H will be preferred as long as the results are 
dimension independent. 



B) Let (Q, J 7 , P) be any abstract probability space and let H be any sep- 
arable Hilbert space. If L : H — > L 2 (Q, J 7 , P) is a linear operator such that 
for any h G H, E[expiL(h)] = exp —\\h\ 2 H , then there exists a Banach space 
with dense injection 

dense, hence 

W* ^ H 

is also dense and there exists a probability measure /i on W such that 




exp{w* ,w)dfi(w) = exp— | | j*(w*) 



and 

L(f(w*)){w) = (w*,w) 

almost surely. (W, H, /i) is called an Abstract Wiener space and /i is the 
Wiener measure (cf. [2Z])- In the case H is chosen to be 

H([0, 1]) = j/i : h{t) = J* h(s)ds, \h\ H = |/iU 2([0 ,i])} 

then /J, is the classical Wiener measure and W can be taken as Co([0, 1]). 

Remark 1.4.3 In the case of the classical Wiener space, any element A of 
W* is a signed measure on [0,1], and its image in H = H([Q,i\) can be 
represented as j*(X)(t) = f A([s, l])ds. In fact, we have for any h G H 

(j*(\),h) = <X,j(h)> 

= f h{s)X(ds) 
Jo 

= h(l)X([0,l}) - [ X([0,s])h(s)ds 
Jo 
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= [\x{[0,l})-X([0,s])h(s)ds 
Jo 

= [ X([s,l])h(s)ds. 
Jo 

1.5 Cameron-Martin and Girsanov Theorems 

In the sequel we shall often need approximation of the Wiener functional 
with cylindrical smooth functions on the Wiener space. This kind of prop- 
erties hold in every Wiener space since this is due to the analyticity of the 
characteristic function of the Wiener measure. However, they are very easy 
to explain in the case of classical Wiener space, that is why we have chosen 
to work in this frame. In particular the Cameron-Martin theorem which is 
explained in this section is absolutely indispensable for the development of 
the next chapters. 

Lemma 1.5.1 The set of random variables 

{f(W tl ,. . . , W tn ); U e [0, 1], / e <S(H n ); n e n} 

is dense in L 2 (fi), where S(Kl n ) denotes the space of infinitely differ entiable, 
rapidly decreasing functions on IR r \ 

Proof: It follows from the martingale convergence theorem and the monotone 
class theorem. □ 



Lemma 1.5.2 The linear span of the set 

-1 1 rl 



e 



exp 



h,dW, 



o 



o 



h s ds 



: ^I 2 ([0,1])} 



is dense in L 2 {a). 

Proof: It follows from Lemma 11.5.11 via the Fourier transform. 



□ 



Remark: Although the set 6 separates the points of L 2 (fi), it does not give 
any indication about the positivity. 

Lemma 1.5.3 The polynomials are dense in L 2 (fi). 

Proof: The proof follows by the analyticity of the characteristic function of 
the Wiener measure, in fact, due to this property, the elements of the set in 
Lemma 11.5.21 can be approached by the polynomials. □ 
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Theorem 1.5.4 (Cameron-Martin Theorem) For any bounded Borel mea- 
surable function F on Co([0, 1]) and h G L 2 ([0, 1]), we have 



E„ 



F (w + I h s ds ) exp <{ - / h s dW s - \ [ h 2 s ds 



o 



o 



2 Jo 



This assertion implies in particular that the process (t, w) — > W t (w) + Jq h s ds 
is again a Brownian motion under the new probability measure 



exp j— J h s dW s - ^ J h 2 s ds^ dfi. 



Proof: It is sufficient to show that the new probability has the same char- 
acteristic function as /x: if x* G W*, then x* is a measure on [0, 1] and 



w*{x*,w)w = / W s (w)x*(ds) 
Jo 



= W t H.x*([0,t])'- f 1 x*([0,t])dW t (w) 
Jo 

= W lX *([0,l])- f 1 x*([0,t]).dW t 
Jo 



x*((t,l])dW t . 



Consequently 
E 
= E 
= E 



expi^ x*([t,l])dW t j (w + J^h s dsj S(-I(h)) 

expli /V([t,l])dW t + i /V([f, l\)h t dt- C h t dW t -\ f \ 2 dt 
I Jo jo jo 2 Jo 

exp j\ix*{[t,l\)-h t )dW t } 

exp ji J\*([t,l])h t dt - ^ J^ h l dt \ 

= exp U [\ix*([t, 1]) - h t fdt + i f 1 x*([t, l])h t dt - \ (\ 2 t 
1 2, Jo Jo z Jo 

= exp-i [\x*([t,l])) 2 dt 
2 Jo 

1 



exp-^\j(x*)\ 2 H , 
and this achieves the proof. 



□ 



The following corollary is one of the most important results of the modern 
probability theory: 
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Corollary 1.5.5 (Paul Levy's Theorem) Suppose that (M t , t e [0, 1]) is 
a continuous martingale with M Q = and that [M 2 — t, t e [0, 1]) is again a 
martingale. Then (M t , t G [0, 1]) is a Brownian motion. 

Proof: From the Ito formula 

f(M t ) = f(0) + f f'(M s ) -dM s + l - f Af(M s ) ds . 
Jo I Jo 

Hence the law of (M t : t e [0, 1]) is /i. □ 

As an application of Paul Levy's theorem we can prove easily the following 
result known as the Girsanov theorem which generalizes the Cameron-Martin 
theorem. This theorem is basic in several applications like the filtering of the 
random signals corrupted by a Brownian motion, or the problem of optimal 
control of Ito processes. 

Theorem 1.5.6 (Girsanov Theorem) Assume that u : [0, 1] x W — > JR n 

is a measurable process adapted to the Brownian filtration satisfying 

-I 

\uA 2 ds < oo 



fi- almost surely. Let 

At = exp j- J\u s , dW s ) - 1/2 jf* \u s \ 2 ds^ . 

Assume that 

£[A!] = 1. (1.5.7) 

Then the process (t,w) — > Wt(w) + § Q t u s (w)ds is a Brownian motion under 
the probability A^/i. 

Remark 1.5.7 The condition (I1.5.7P is satisfied in particular if we have 



E 



1 r 1 
exp - / \u s \ 2 ds 
I Jo 



< oo . 



This is called the Novikov condition (cf. [67 ] 1101] ). There is another, slightly 
more general sufficient condition due to Kazamaki jl5], which is 



E 



1 r 1 
exp - / u s dW s 
I Jo 



< oo . 



Note that the difference between the Cameron-Martin theorem and the Gir- 
sanov theorem is that in the former the mapping w — > w + J h(s)ds is an 
invertible transformation of the Wiener space W and in the latter the corre- 
sponding map w — > w + J u s (w)ds is not necessarily invertible. 
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1.6 The Ito Representation Theorem 

The following result is known as the Ito representation formula: 
Theorem 1.6.1 Any <p G L 2 {ji) can be represented as 

<p = E[cp] + f 1 K s dW s 
Jo 

where K G L 2 ([0, 1] x W) and it is adapted. 
Proof: Since the Wick exponentials 

£{I(h)) = exp j^ 1 h s dW s - 1/2 £ h 2 s ds} 

can be represented as claimed and since their finite linear combinations are 
dense in L 2 (fi), the proof follows. □ 

Remark 1.6.2 Let be an integrable real random variable on the Wiener 
space. We say that it belongs to the class H 1 if the martingale M = (M t , t G 
[0, 1]) satisfies the property that 

E[< M,M>{ /2 } < oo. 

The Ito representation theorem extends via stopping techniques to the ran- 
dom variables of class H 1 . 

1.7 Ito- Wiener chaos representation 

For any h G L 2 {[0, 1]), define K t = Joh s dW s , t G [0, 1]. Then, from the Ito 
formula, we can write 

KZ=pf 1 Kr'KdWs + f 1 Kr 2 h 2 Js 

Jo I Jo 

= p[ 1 Up - 1) f 1 Kl~ 2 h t2 dW t2 + {P - - l) f 1 Kt 2 - 3 h 2 t2 dt 2 ]dW tl 
Jo 1 Jo z Jo J 

+ ••• 

where p is a positive integer. Iterating this procedure we see that K\ can be 
written as the linear combination of the multiple integrals of deterministic 
integrands of the type 

J P = f h tl h t2 ...h tp dWH...dWll, 

J0<tp<tp_i<---<ti<l 
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ij = or 1 with dW® = dt and dW} = dW t . Hence we can express the 
polynomials as multiple Wiener-Ito integrals. Let us now combine this ob- 
servation with the Ito representation: 

Assume that ip G L 2 (n), then from the Ito representation theorem : 

p = E[<p} + f 1 K s dW s . 
Jo 

Iterating the same procedure for the integrand of the above stochastic inte- 
gral: 

= E[<p]+ ^ E[K s ]dW 8 + f 1 t E[Kl; 2 t2 ]dW t2 dW tl 
Jo Jo Jo 

+ /YJVo* 2 K ktftsdW t3 dW t2 dW tl . 
After n iterations we end up with 

n 
p=0 

and each element of the sum is orthogonal to the other one. Hence (p n ; n G 
IN) is bounded in the Hilbert space L 2 (fi) and this means that it is weakly 
relatively compact. Let (y? n J be a weakly convergent subsequence and <p ^ = 
lim ip n . Then it is easy from the first part that p^ is orthogonal to the 

polynomials, therefore p^ = and the weak limit 

n 
p=0 

exists and it is equal to p almost surely. Let 

n 

S n = E Jp{Kp) > 

p=0 

then, from the weak convergence, we have 

\imE[\S n \ 2 ] = \imE[S n p} = E[\p\ 2 ], 

hence (S n ,n > 1) converges weakly to ip and its L 2 -norm converges to the 
L 2 -norm of ip and this implies that the series 

oo 

p=l 
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converges to ip in the strong topology of L 2 (fi). Let now K p be an element 
of L 2 [0, 1} P (i.e. symmetric), defined as K p = K p on C p = {t\ < ■ ■ ■ < t p }. 
We define I p (K p ) = p\J p (K p ) in such a way that 

E[\I P (K P )\ 2 } = (p\) 2 [ K 2 dt 1 ...dt p = p\ I \K p \ 2 dt 1 ...dt p . 

Jc p Jlo,i] p 

Let <f p — , then we have proven 

Theorem 1.7.1 Any element ip of L 2 (fi), can be decomposed as an orthog- 
onal sum of multiple Wiener-Ito integrals 

oo 

(p = E[<p] + Y< I p( 1 Pp) 
P =i 

where (p p is a symmetric element of L 2 [0, l] p . Moreover, this decomposition 
is unique. 

Remark: In the following chapters we shall give an explicit representation 
of the kernels (p p using the Gross-Sobolev derivative. 



Notes and suggested reading 

The basic references for the stochastic calculus are the books of Dellacherie-Meyer pH] 
and of Stroock-Varadhan [81 . Especially in the former, the theory is established for 
the general semimartingales with jumps. For the construction of the Wiener measure on 
Banach spaces we refer the reader to [37] and especially to [49] . 
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Chapter 2 

Sobolev Derivative, Divergence 
and Ornstein-Uhlenbeck 
Operators 



2.1 Introduction 



Let W = C o ([0, l],IR d ) be the classical Wiener space equipped with \x the 
Wiener measure. We want to construct on W a Sobolev type analysis in 
such a way that we can apply it to the random variables that we encounter 
in the applications. Mainly we want to construct a differentiation operator 
and to be able to apply it to practical examples. The Frechet derivative is 
not satisfactory. In fact the most frequently encountered Wiener functionals, 
as the multiple (or single) Wiener integrals or the solutions of stochastic 
differential equations with smooth coefficients are not even continuous with 
respect to the Frechet norm of the Wiener space. Therefore, what we need 
is in fact to define a derivative on the L p (/z)-spaces of random variables, 
but in general, to be able to do this, we need the following property which is 
essential: if F, G e L p (fi), and if we want to define their directional derivative, 
in the direction, say w G W, we write ^F(w + tw)\t=o and ^G(w + tw)\t=o- 
If F = G /i-a.s., it is natural to ask that their derivatives are also equal a.s. 
For this, the only way is to choose w in some specific subspace of W, namely, 
the Cameron-Martin space H: 

H={h: [0,1] -+TR d /h(t) = J*h(s)ds, \h\ 2 H = £ \h(s)\ 2 d s y 

In fact, the theorem of Cameron-Martin says that for any F e LP{jj), p > 1, 
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heH 



E„ 



F(w + h) exp j- jf 1 h{s) ■ dW s - ||/i|^J] = E^F] , 



FH-exp / h s -dW s -\\h\ 2 H 



or equivalently 

E li [F(w + h)] = E 
That is to say, if F = G a.s., then F{- + h) = G{- + /i) a.s. for all he H. 

2.2 The Construction of V and its properties 

If F : W — > JR is a function of the following type (called cylindrical ): 

F(w) = f(W tl (w), W tn (w)), f e S(JR n ), 
we define, for h G H, 

V h F(w) = -^F(w + \h)\ x=0 . 
Noting that W t (w + h) = W t (w) + h(t), we obtain 

n 

1=1 

in particular 

V h W t {w) = h(t) = J*h(s)ds = l m {s) h(s)ds. 

If we denote by U t the element of H defined as U t (s) = Jq l[ 0jt ](r)dr, we have 
VhWt(w) = {Ut, h)n- Looking at the linear map h t-> VhF{w) we see that it 
defines a random element with values in H*, since we have identified H with 
H*, VF is an if- valued random variable. Now we can prove: 

Proposition 2.2.1 V is a closable operator on any L p {[i) {p > 1). 

Proof: Closable means that if {F n : n G IN) are cylindrical functions on W, 
such that F n — > in L p {fi) and if (VF n ; n G IN) is Cauchy in L p {fi, H), then 
its limit is zero. Hence suppose that V F n — > £ in L v {\i\ H). In order to prove 
£ = //-a.s., we use the Cameron-Martin theorem: Let ip be any cylindrical 
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function. Since such ip's are dense in L p (fi), it is sufficient to prove that 
E[{£,, h)u ■ <p] = for any h G H . This follows from 

E[(VF U , h) V ] = ^E[F„(w + Xh) ■ V ]| A=0 



—E 

dX 



F n (w)ip(w - Xh) exp (a J h(s)dW s - y J \h s \ 2 ds 



A=0 



E 



F n (w) -V h <p(w) + cp(w) / h(s)dW ; 







— > 



since (F n ,n G IN) converges to zero in L p (fi). □ 

Proposition 12.2.11 tells us that the operator V can be extended to larger 
classes of Wiener functionals than the cylindrical ones. In fact we define first 
the extended L p -domain of V, denoted by Dom p (V) as 

Definition 2.2.2 F G Dom p (V) if and only if there exists a sequence (F n ; n G 
IN) of cylindrical functions such that F n — >■ F in L p (fi) and (VF n ) is Cauchy 
in L p (fr, H). Then, for any F G Dom p (V) ; we define 

VF = lim VF n . 

n— >oo 

The extended operator V is called Gross-Sobolev derivative . 

Remark 2.2.3 Proposition \2. 2. 1\ implies that the definition ofVF is inde- 
pendent of the choice of the approximating sequence (F n ). 

Now we are ready to define 

Definition 2.2.4 We will denote by 1D Pi i the linear space Dom p (V) equipped 
with the norm ||-F|| p ,i = ||F|| P + || VFH^p^ > ^)- 

Remark 2.2.5 1. If H is a separable Hilbert space we can define ID Pi i(S) 
exactly in the same way as before, the only difference is that we take 
<S= instead of S, i.e., the rapidly decreasing functions with values in S. 
Then we leave to the reader to prove that the same closability result 
holds. 

2. Hence we can define HD Pi fc by iteration: 

i) We say that F G E> Pi2 if VF G lD Ptl (H), then write V 2 F = 
V(VF). 

ii) F G E> Pifc if V fc - X F G D p ^(H^ k -^). 
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3. Note that, for F G H3 Pife , V k F is in fact with values H® k (i.e. symmetric 
tensor product). 

4. From the proof we have that if F G D Pi i, h e H and is cylindrical, 
we have 

£[V,F • ip] = —E[F ■ V h <p] + E[I(h) • F • ip], 

where 1(h) is the first order Wiener integral of the (Lebesgue) density 
of h. If ip G H\i (g -1 + = 1), by a limiting argument, the same 
relation holds again. Let us note that this limiting procedure shows in 
fact that if VF G W{n,H) then F.I(h) G L p (p), i.e., F is more than 
p-integrable. This observation gives rise to the logarithmic Sobolev 
inequality. 

2.3 Derivative of the Ito integral 

Let (p = f(W tl , . . . , W tn ), U <t, f smooth. Then we have 

n 

v^H = £ dif(w tl , . . . , w tn )h(u) , 
i=i 

hence V<p is again a random variable which is ^-measurable. In fact this 
property is satisfied by a larger class of Wiener functionals: 

Proposition 2.3.1 Let ip G ID p i ; p > 1 and suppose that ip is B t -measurable 
for a given t > 0. T/ien V<£> a/so Bt-measurable and furthermore, for any 
h G H , whose support is in [t, 1], Vh<P = (Vy?, h)n = a.s. 

Proof: Let (tp n ) be a sequence of cylindrical random variable converging to 
tp in ID p l . If tp n is of the form f(W tl , . . . , W tk ), it is easy to see that, even 
if ip n is not ^-measurable, -E[(/3„|£>i] is another cylindrical random variable, 
say n (W tl At, ■ ■ ■ , W tk At)- In fact, suppose that t k > t and h, . . . , t k -i < t. 
We have 

E[f(W tl ,. . . , W tk )\B t ] = E[f(W tl . . . , W tk _,,W tk -W t + W t )\B t ] 
= f f(W tl ,...,W tk _ 1 ,W t + x) Ptk - t (x)dx 

J IR, 

= 9(W tl ,...,W tk _ 1 ,W t ), 

and 9 G S if / G iS(IR fc ), where p< denotes the heat kernel. Hence we 
can choose a sequence (</?„) converging to ip in E) p i such that V<p n is £>t- 
measurable for each n G IN. Hence Vy? is also S t -measurable. If h G has 
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its support in [t, 1], then, for each n, we have Vh^n = a.s., because Vy2 n 
has its support in [0,t] as one can see from the explicit calculation for Vy2 n . 
Taking an a.s. convergent subsequence, we see that Vh¥ = a.s. also. □. 

Let now K be an adapted simple process: 

n 

K t( w ) = EaiM 1 (ti,t i+ i](*) 
i=i 

where Oj G ID p l and # tj -measurable for any i Then we have 

Jo i=i 



and 



i=i 

n 

+ £a i (/i(t i+ i) 
i=i 

[\ h K s dW s + f 1 K s h{s)d 
Jo Jo 



Hence 



and 



v r K s dw s 2 <■>{ f 

Jo h 'jo 



/' 

Jo 



V / K s rfH/ s 



p/2- 



/' 

Jo 



p/2 



Using the Burkholder-Davis-Gundy inequality for the Hilbert space valued 
martingales, the above quantity is majorized by 

2c p e | Qf 1 | w s |^ s ) P/2 + Qf 1 |7qW) P/2 j 

= Cp\\VK\\ P LP( ^ mH) + \\K\\LPfr,H) , 



where 



J o 



Thanks to this majoration, we have proved: 
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Proposition 2.3.2 Let K G JD p i(H) such that K t = dK ^ be B t -measurable 
for almost all t. Then we have 

V f 1 K s dW s = f 1 V.K s dW s + K (2.3.1) 
Jo Jo 

almost surely. 

Remark 2.3.3 The relation 12.3. II means that, for any h G H, we have 

V,, f 1 K s dW s = [\ h K s dW s + f 1 K s h(s)ds. 
Jo Jo Jo 

Corollary 2.3.4 If tp = J n (/ n ), /„ G L 2 ([0, l] n ) ; then we have, for heH, 
V h In{fn) = n [ f(t 1 ,...,t n )h(t n )dW tl ,...,dW tn _ 1 dt n . 

J [0,1]™ 

Proof: Apply the above proposition n-times to the case in which, first f n is 
C°°([0, 1]"), then pass to the limit in L 2 (/i). □ 

The following result will be extended in the sequel to much larger classes of 
random variables: 

Corollary 2.3.5 Let if : W — > 1R be analytic in H-direction. Then we have 

'E\y n <p]\ 



ip = E[<p] + E J " 



n=l 



nl 



where I n (g), for a symmetric g G H® n , denotes the multiple Wiener integral 
of 

d n g 

dt 1 ...dt n {tl, --- ,tn) - 

In other words the kernel (p n G L 2 [0, l] n of the Wiener chaos decomposition 
of if is equal to 

dti . . . dt n n\ 
Proof: We have, on one hand, for any h G H, 

E[<p(w + h)] = E\<p exp f 1 h s dW s - \ C h 2 s ds] = E[<p£(I(h))] . 
L jo Jo 
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On the other hand, from Taylor's formula: 



E[<p(w + h)] = E[ip]+J2E 

1 

OO J 



(V n (p(w),h® r ' 



1 

oo 



1 E[I n {E[V n <p]) I n (h® n )} 



i 



= E[cp}+J2 E 



I n {E[V n ip\)I n {h® n ) 



hence, from the symmetry, we have 

where we have used the notation h(h) = 1(h) = Jq h s dW s and 



In(<Pn) = 



[o,i] n dti . . . dt, 



-(t 1 ,...,t n )dW tl ...dW tn . 



□ 



2.4 The divergence operator 

The divergence operator, which is the adjoint of the Sobolev derivative with 
respect to the Wiener measure, is one of the most important tools of the 
Stochastic Analysis. We begin with its formal definition: 

Definition 2.4.1 Let £ : W — )■ H be a random variable. We say that £ G 
Dom p (5) ; if for any ip G IL\i + p^ 1 = 1), we have 

e[(v<p,Oh] <cp )5 (0-IMI,, 

and in this case we define 5£ by 

E[{5t}<p] = E[(t,V<p) H ], 

i.e., 5£ = V*£ ; where V* denotes the adjoint o/V with respect to the Wiener 
measure ii, it is called the divergence operator. 
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Remark: For the emergence of this operator cf . [UJ , arid the references 
there. 

Let us give some properties of 5: 

1.) Let a : W — > IR be "smooth", £ G Dom p (<5). Then we have, for any 
V 9 £ IL\i , 

= £[«,Vy9)„] 
= E[{Z,aV<p) H ] 
= E[(£,V(av)-(pVa) H ] 

hence 

5(a0=a^-(Va,0H- (2.4.2) 



2.) Let h £ H, then we pretend that 

5h= C h(s)dW s 
Jo 



To see this, it is sufficient to test this relation on the exponential mar- 
tingales: if k G H, we have 



E 



5h exp | J k s dW s - \ J k 2 s ds 

- E[(h,VS(I(k)) H )] 

- E[(h,k) H £(I{k))} 
-- (h,k) H - 



On the other hand, supposing first h G W*, 

E[I{h) E{I{k))\ = E[I(h)(w + k)} 

= E[I{h)] + (h,k) H 
= {h,k) H . 

Hence in particular, if we denote by l[ s ,t] the element of H such that 
l[s,t](r) = Jo l[ s ,t](u)du, we have that 

5{l [sA ) = W t -W s . (2.4.3) 
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3.) Let now K be an adapted, simple process 

n 

K t{w) =£o<H.l[t i ,t i+1 [(t) , 

1 

where a, G 1D P i and B ti -measurable for each i. Let K be J K s ds. Then 
from the identity (12.4.31) . we have 

n n 

5K = <y(5^o i .I[t t ,t i+1 [) = J] {a^(l [ti ,t i+l[ ) - (Vat, • 
i i 

From the relation (12. 4. 3p . we have S(l[ti,t i+1[ ) — W ti+1 — W ti , further- 
more, from the Proposition 12.3. II the support of Va^ is in [0, t{], con- 
sequently, we obtain 



5K = J2^(W U+1 -W U )= / K s dW s 

8=1 J ° 



Hence we have the important result which says that 

Theorem 2.4.2 Dom p (5) (p > 1) contains the set consisting of the primi- 
tives of adapted stochastic processes satisfying 



E 

Moreover one has 



(/„>* 



p/2- 



< oo . 



5 { jf K s ds} = £ K s dW s . 

2.5 Local characters of V and £ 

Before proceeding further, we shall prove the locality of the Gross-Sobolev 
derivative and the divergence operators in this section: 

Lemma 2.5.1 Let (f> e E) p l for some p > 1, then we have, for any constant 

c eJR, 

V0 = on {(ft = c} , 

almost surely. 

Proof: Replacing (p by <fi — c, we may assume that c = 0. Let now / be 
a positive, smooth function of compact support on 1R such that /(0) = 1. 
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Let f e {t) = f(t/e) and let F e be its primitive. For any smooth, cylindrical, 
if- valued random variable u, we have 

E[F e (<f>)6u] = E[(yF e (<f>),u) H ] 
= E[U{<j>){V<t>,u) H ] 
->■ E[1 { ^ = o}(V0,m)h] 

as e — > 0. On the other hand |-F e (0)| < £ H/IU 1 (!?.,<£)> hence it follows that 

E[1 {<H0} (V</>,u)h] = 0, 
since such tt's are dense in H), the proof follows. □ 

The divergence operator has an analogous property: 

Lemma 2.5.2 Assume thatu e Dom p (S), p > 1, and that the operator norm 
ofVu, denoted by ||Vw|| p is in L p (/i). Then 

5u = a.s. on {w G W : = 0} . 



Proof: Let f £ be as in the proof of Lemma 12.5.11 then for any cylindrical 0, 
using the integration by parts formula: 



E 



fe (Mi*) Su(j) 



E 

+E 



fe (\ U \h) (U,V\U\ 
fe(H 2 H ) («,V^ 



(2.5.4) 



Note that 



£(MSr) («,v| 



f's(\u\ 2 H ) 



Wu\ 



op 



< esup |ar/ / (x)|||Vzt||op • 

IR 



Hence from the dominated convergence theorem, the first term at the right 
of (I2.5.4p tends to zero with e. Evidently the second one also converges to 
zero and this completes the proof. □ 



Remark 2.5.3 Using the local character of the Sobolev derivative one can 
define the local Sobolev spaces as we shall see later. 
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2.6 The Ornstein-Uhlenbeck Operator 

For a nice function / on W, t > 0, we define 

Ptf(x)=f ffe-'x + y/l-e-^yj^dy), (2.6.5) 

this expression for P t is called Mehler's formula. Since fi(dx)fi(dy) is invariant 
under the rotations of W x W, i.e., (/i x (j,)(dx,dy) is invariant under the 
transformation 

T t (x, y) = (xe-* + y(l - e" 2 ') 1 / 2 , x(l - e" 2 *) 1 ^ - ye -*) , 

we have obviously 

WPtfixWirw < ff\(f®l)(T t (x,y))\^(dxMdy) 



= JJ\(f®l)(x,y)\^(dxMdy) 
= f\f(x)\>VL(dx), 



for any p > 1, ||Pt/||iP < ||/||lp ; hence also for p = oo by duality. A 
straightforward calculation gives that, for any h e H fl W* (= W*), 

P(£(/(/i)) = ^(e- t /(/ i )) 

E -nt ± n\ lb ) 
n=0 ' 4 - 

Hence, by homogeneity, we have 

P t {I n {h® n )) = e- nt I n (h® n ) 

and by a density argument, we obtain 

PtWn) = e- nt I n (f n ) , 

for any f n G L 2 ([0, 1]"). Consequently P s o P t = P s+t , i.e., (P t ) is a measure 
preserving Markov semi-group. Its infinitesimal generator is denoted by — C 
and is C is called the Ornstein-Uhlenbeck or the number operator. Evidently, 
we have 

CI n (f n ) = nl n (f n ) (2.6.6) 

and this relation means that the Wiener chaos are its eigenspaces. From the 
definition, it follows directly that (for Oj being ^.-measurable) 
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that is to say 



P t f 1 H s dW s = e- 1 f 1 P t H s dW s , 
Jo Jo 



and by differentiation 



C / H s dW s 



Jo 



+ C)H s dW s 



(2.6.7) 
(2.6.8) 



Also we have 

The following lemma is a consequence of the relation (12.6.61) : 
Lemma 2.6.1 Assume that 4> G L 2 (n) with the Wiener chaos representation 



satisfying 



Then 



J n(^™) 

71=0 



n (n\)\\4> n \\ 2 H a n < oo . 

n=l 



5 o V0 = £<p , 
where 5 is the divergence operator^. 

Proof: It is sufficient to prove for ip = S(I(h)). In this case from the identity 

(5oV)y? = 8(h£(I(h))) 

= 'l(h)-\h\ 2 H ]£(I(h)) 
= CS(I(h)). 

□ 



Remark 2.6.2 Let us define for the smooth functions if, a semi-norm 

Mp* = \\V + £) k/a <P\\i*M ■ 

At first glance, these semi-norms (in fact norms), seem different from the one 
defined by = Do II ^^Wlpi^h®]) ■ We will show in the next chapters 

that they are equivalent. 

□ 



Sometimes, in the classical case, it is also called Hitsuda-Ramer-Skorohod integral. 
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2.7 Exercises 

These exercises are aimed to give some useful formulas about the iterated divergence 
operator and related commutation properties. 

1 . Prove that 

VP t 4> = e-*P t V<t> (2.7.9) 

and 

P t Su = e^SPtu (2.7.10) 
for any <ft € ID Pj i and u € lD Pj i(i7). 

2. Assume that u : W — > H is a cylindrical random variable. Prove that 

oo 

5u = ^2 ei) H 5ei - V e , (u, ei) H } , 
i=i 

for any complete, orthonormal basis (ei,i G IN) of H. In particular, in the finite 
dimensional case we can write 

Su(w) =< u(w), w > — trace Vu(w) , 

although in infinite dimensional case such an expression is meaningless in general. 
In case the trace V« exists, the remaining part is called the Stratonovitch integral. 

3. Assume that u : W — > H is a cylindrical random variable. Prove that 

E[{5uf] = E[\u\ 2 H ] + E[ trace (VitVu)]. 

4. Let u be as above, prove the identity 

5 2 u® 2 = (5u) 2 - \u\ 2 H - trace (ViiV«) - 2S(V u u) , 
where 5 2 u® 2 is defined by the integration by parts formula as 

E[5 2 u® 2 $] -S[(V 2 0, U ® 2 ) 2 ], 

for any test function (f> and (•, -) 2 denotes the inner product of the space of Hilbert- 
Schmidt operators on H. Prove that more generally one has 

5a 50 = 8 2 (a®l3) + trace (VaV/3) 
+5(V a fi + V pa) + (a, /3) H , 

where a and j3 are two if- valued, cylindrical random variables. 

5. With the same hypothesis as above, show that one has 

§ p+i u ®p+i = Su5 p u® p - V u (5 p u®v) - 5(V p u ® p u) . 

6. For a u : W — > H as above, prove that 

(5uf = S^iSu)?- 1 ) 

+ (5u) p - 2 [(p - l)\u\ 2 H + (p - 2) (<5(V„«) + trace (Vu Vu))] 

for any p e IN. 
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Derivative, Divergence 



Notes and suggested reading 

The notion of derivation in the setting of a Gaussian measure on an infinite dimensional 
setting can be found in the books of Quantum Field Theory, cf. [77] also [17J and the 
references there. It has also been studied in a little bit more restricted case under the name 
il-derivative by L. Gross, cf. also [15] > 07J- However the full use of the quasi-invariance 
with respect to the translations from the Cameron-Martin space combined with the L p - 
closure of it in the sense of Sobolev has become popular with the advent of the stochastic 
calculus of variations of Paul Malliavin: cf. [52] , [75] , [S5J . 



Chapter 3 

Meyer Inequalities 



Meyer Inequalities and Distributions 

Meyer inequalities are essential to control the Sobolev norms defined with 
the Sobolev derivative with the norms defined via the Ornstein-Uhlenbeck 
operator. They can be summarized as the equivalence of the two norms 
defined on the (real-valued) Wiener functionals as 

k 

1 1 101 1 U = J2 \\V Z <f>\\LP{»,H®i), 
i=0 

and 

U\\ p , k = \\(i + c) k ^\\ LPM , 

for any p > 1 and k & IN. The key point is the continuity property of 
the Riesz transform on L p ([0,2ir],dx), i.e., from a totally analytic origin, 
although the original proof of P. A. Meyer was probabilistic (cf. [62]). Here 
we develop the proof suggested by [28J. 



3.1 Some Preparations 

Let / be a function on [0, 27r], extended to the whole 1R by periodicity. We 
denote by f(x) the function defined by 

n, , 1 r f(z + t) - f(x-t) , 

f(x) = -p.v. JK ' — ^ J -dt, 3.1.1 

JK J 7T Jo 2tant/2 ' v ; 

where p. v. denotes the the principal value of the integral in f)3.1.ip . The 
famous theorem of M. Riesz, cf. [105] . asserts that, for any / G L p [0,27r], 
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f E Lp([0, 2?r]), for 1 < p < oo with 



< A 

p — ^p 1 1 J ||p) 



where A p is a constant depending only on p. Most of the classical functional 
analysis of the 20-th century has been devoted to extend this result to the 
case where the function / was taking its values in more abstract spaces than 
the real line. We will show that our problem also can be reduced to this one. 
In fact, the main result that we are going to show will be that 

by rewriting V(J + £) -1 / 2 as an L p (p,, if)-valued Riesz transform. For this 
we need first, the following elementary 

Lemma 3.1.1 Let K be any function on [0, 2n] such that 

tf(0)-±cot§ G L°°([0,7r]), 
then the operator f — > T K f defined by 

T K f(x) = -p.v. [\f(x + t)- f(x - t))K(t)dt 

TT JO 

is again a bounded operator on L p ([0,2tt}) with 

\\T K f\\ p <B p \\f\\p for any pe (l,oo) 
where B p depends only on p. 
Proof: In fact we have 



T K f-f(x) < - r\f(x + t)-f(x-t)\ K{t) -\cot 
n Jo 



dt 



< c 



LP 



K - \ cot f 



Hence 



7V/|| p <(c||X-|cotf| Loo + A p ) ||/|| p . 



□ 
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Remark 3.1.2 If for some a + 0, aK(6) - |cotf G L°°([0, 2vr]), then we 
have 



\a\ 
1 

< — 
a 



\oT K fl 



aT K f-f + f 



< ±- {\\aK- loot l\\ Loa ll/H, + ^||/|| p } 



< c r 



with another constant c„ 



Corollary 3.1.3 Let K be a function on [0,7r] such that K = on 
and K - ± cot f G L c 



2 ' 



7T 



- 



. T/ien T#- defined by 

vr/2 



= f [/(z + t) - /(a; - t)] tf(t)dt 
Jo 

is continuous from L p ([0, 2tt]) into itself for any p G [1, oo ) . 
Proof: We have 



c^)l [0 , f ]-^cot^GL oo ([0,7r]) 



since on the interval 
Lemma 13.1.11 



2 • 



7T 



sin | G 



2 ' 



then the result follows from the 

□ 



3.2 V(7 + £) 1/2 as the Riesz Transform 

Let us denote by R#(x,y) the rotation on If x If defined by 
Rg(x, y) = (x cos 9 + y sin 6 1 , —a; sin + ?/ cos 9^j . 
Note that Rg o = R^ + g . We have also, putting e~* = cos 9, 

Ptf(x) = [ f(e- t x + y/\-e-*y)n{dy) 
Jw 

(f®l)(Re(x,y))v(dy) 



log cos 9 



/(*)■ 
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Let us now calculate (I + £) _1 / 2 (/9 using this transformation: 

, roo 

(/ + C)- 1/2 <p(x) = / r^e-tpMx^t 
Jo 

= i* 1 ' ! (-logcos^) _1/2 cos0 • / Up®l)(Ro(x,y))ii(dy)tfwOdB 
Jo Jw 

ji(dy) 



On the other hand, we have, for h e H 

V h P t <p(x) 

= —P t ^p(x + \h)\ x =o 
d 



tt/2 

(- log cos 6)- 1/2 sin #(y? <g> l)(Re(x, y))dO 



d f 

= — y (f\x + A/i) + Vl - e~ 2t y) ^{dy) | A=0 

= ^/^(rt+V / l^^y)^(^=/(/ i ))(y)/i(^)|A=0 

= ^= = e _ 2f ^ y (e~ l x + Vl - e- 2f y) £%) /i(^) . 
Therefore 

v^z + r)- 1 / 2 ^) 

= / r^e-'WhPt^dt 
Jo 

= £ t -W-j=L= j w 5h(y) V (e- t x + VT^^y) f ,(dy)dt 

/" 7r /2 COS 2 $ Z 1 

= / (-logcos^)- 1/2 — — tan0/ 5%) ® 1) (R e (x,y)) u.(dy)d6 
Jo sin t> j 

= f 2 (-logcos^)~ 1/2 cos^ / 5h(y)-(ip®l)(R e (x,y))u,(dy)d9 
Jo Jw 

Since /x(rfy) is invariant under the transformation y h-> — y, we have 

1 6h(y)((p® l)(Ro(x,y))fi(dy) = -J 5h(y)(<p®l)(R-e{x,y))u,(dy), 
therefore: 

v^z + r)- 1 / 2 ^) 
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rir/2 



/ (—log COS I 
Jo 



w 



6h(y) (v? g V)) ^ y)) Mdy)d9 

6h(y) r /2 K(B) ({<p®l)(R e (x,y)) - (<p ® l)(R-e(x, y) j) de^{dy) 



where K(9) = \ cos 9(— log cos 9) 1 ^ 2 . 
Lemma 3.2.1 We have 

n 

2K(6)-cot- e L°° ((0,7r/2]). 

Proof: The only problem is when 9 — > 0. To see this let us put e~* = cos#, 
then 

9 VI + e~* 2 
cot - = , « — = 

2 VI - e-* V* 

and 

e - ' 1 



hence 

2K(9) — cot ^ G L c 



7T 

°'2 



□ 



Using Lemma 13.1.11 Remark 13.1.21 following it and Corollary 13.1.31 we see 
that the map / i-> p.t>. Jo (f(x + 9) — f(x — 9))K{9)d9 is a bounded map 
from L p [0, 7r] into itself. Moreover 

Lemma 3.2.2 Let F : W x W — > 1R be a measurable, bounded function. 
Define TF(x, y) as 

TF(x, y) = p.v. f 2 [F o R (x, y) — F o R_ e (x, y)] K(9)d9 . 

Jo 

Then, for any p > 1, there exists some c p > such that 

\\TF\\LP(fj,xfi) < c p\\F \\LP(jixn) ■ 

Proof: We have 

(TF)(Rp(x, y)) = p.v. r /2 (F(R p+e (x, y)) - F{R^ e (x, y)))K{9)d9 , 
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this is the Riesz transform for fixed (x, y) G W x W, hence we have 

" /2 \TF(Rp(x,y))\ p df3 < c p f y))\*dp , 

o jo 

taking the expectation with respect to /x x /x, which is invariant under i?g , 
we have 

E, Xfl £\TF(Rp(x,y))\ p d(3 = E, Xfl £ \TF(x,y)\ p df3 

= %E[\TF\*\ 



< c p E r ' \F(Rf,(x,y))\*dp 

J 



kc p E[\F\ 



pi 



□ 

We have 

Theorem 3.2.3 V o (7 + xC)" 1 / 2 : L p (/x) ->■ tf(p, H) is a linear continuous 
operator for any p G (1, oo). 

Proof: With the notations of Lemma 13.2.21 we have 

V h (I + C)- 1 / 2 V = I 6h(y)T(<p®l)(x,y)p:(dy). 
Jw 

From Holder inequality: 

|V,(/ + £) 1/2 0(x)| < \\5h\\ q (J w \T(0®l)(x,y)\i>u.(dy)y P 

< c p \h\ H ^J w \T{ ( j ) ®l){x,y)\^{dy)^ IP , 

where the last inequality follows from the fact that y — > Sh(y) is an iVi(0, \h\ 2 H )- 
Gaussian random variable. Hence 

MI + Cy^tWlH < ^j w \T{<j>®l){x,y)\^{dy)) 1P 
consequently, from Lemma [3.2.21 

WVil + Cy^m < f \T{<t><al){z,y)\*n{dx)ii{dy) 

p JWxW 

< \\<f>®l\\i PM 

= UK 

and this completes the proof. □ 
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Corollary 3.2.4 We have 



J + £)- 1 /^|| p < Cp || e || 



V ! 



for any £ G 7 p (/i; H) and for any p G (1, oo) . 

Proof: It suffices to take the adjoint of V(I + Cy 1 / 2 . □ 

Corollary 3.2.5 The following identities are valid for any if G ID: 

1. ||V^|| p <c p ||(/ + £)VV|| p 

2. ||(/ + Cfl*<p\\ p < q.(IMIp + II V^||p), 

where c p and c p are two constants independent of (p. 
Proof: The first identity follows easily as 

< c p \\(I + C) 1/2 V \\ p . 
To prove the second we have 

IK/ + £) 1/ vil P = ii(/ + cy 1/2 (i + cM P 
= \\(i + cr 1 / 2 (i + 5vy\\ p 

< \\<p\\p + c pI|Vv?||p, 
where the last inequality follows from Corollary 13. 2 .41 □ 



Notes and suggested reading 

The inequalities studied in this chapter are due to P. A. Meyer in his seminal paper [62 . 
He discusses at the last part of it already about the space of test functions defined by the 
Ornestein-Uhlenbeck operator and proves that this space is an algebra. Then the classical 
duality results give birth immediately to the space of the distributions on the Wiener 
space, and this is done in [102] . Later the proof of P. A. Meyer has been simplified by 
several people. Here we have followed an idea of D. Feyel, cf. [28 . 
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Chapter 4 
Hypercontractivity 



Introduction 

We know that the semi-group of Ornstein-Uhlenbeck is a bounded opera- 
tor on L p (fi), for any p G [l,oo]. In fact for p G (l,oo), it is more than 
bounded. It increases the degree of integrability, this property is called hy- 
percontractivity and it is used to show the continuity of linear operators 
on L p (/x)-spaces defined via the Wiener chaos decomposition or the spectral 
decomposition of the Ornstein-Uhlenbeck operator. We shall use it in the 
next chapter to complete the proof of the Meyer inequalities. Hypercontrac- 
tivity has been first discovered by E. Nelson, here we follow the proof given 
by [66] • We complete the chapter by an analytic proof of the logarithmic 
Sobolev inequality of Leonard Gross (cf. [56], [22]) for which we shall give 
another proof in the fifth chapter. 



4.1 Hypercontractivity 

In the sequel we shall show that this result can be proved using the Ito 
formula. Let (ft, A, P) be a probability space with (B t ;t G H + ) being a 
filtration. We take two Brownian motions (X t ; t > 0) and (Y t ; t > 0) which 
are not necessarily independent, i.e., X and Y are two continuous, real mar- 
tingales such that (X t 2 — t) and (Y t 2 — t) are again martingales (with respect 
to (B t )) and that X t — X s and Y t — Y s are independent of B s , for t > s. 
Moreover there exists (pt',t G H+), progressively measurable with values in 
[— 1, 1] such that 
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is again a (S t )-martingale. Let us denote by 

~t = a(X s ;s<t), y t = a(Y s ;s<t) 

i.e., the corresponding nitrations of X and Y and by S and by ^ their 
respective supremum. 

Lemma 4.1.1 1. For any (p G L 1 ^, S, P), t > ; we have 

E[<p\B t ] = E[<p\Et] a.s. 

2. For any ip E L l (Vt, y,P),t>0, we have 

Ety\Bt] = E[i/>\y t ] a.s. 

Proof: Since the two claims are similar, we shall prove only the first one. 
From Paul Levy's theorem, we have also that (X t ) is an (H t )-Brownian mo- 
tion. Hence _ 

<p = E[<p]+ / H s dX s 
Jo 

where H is (Si)-adapted process. Hence 

E[<p\Bt\ = E[<p] + f H s dX s = E[p\E t ] . 
Jo 

□ 

Let T be the operator T : L 1 (fi,S,P) — > L 1 (fi,3^, P) defined as the restric- 
tion of E[-\y] to the space L 1 ^, S, P). We know that T : L P (E) ->■ L p {y) 
is a contraction for any p > 1. If we impose supplementary conditions to p, 
then we have more: 

Proposition 4.1.2 // \p t (w)\ < r (dt x <iP a.s.,) for some r e [0,1], i/ien 
T : L P (S) — >■ L 9 (3^) is a bounded operator, where 

p-1 >r 2 {q-l). 

Proof: p — 1 is already known. So suppose p, g e]l,oo[. Since is 
dense in L' P (E), it is enough to prove that ||TF|| 9 < ||F|| p for any F e L°°(S). 
Moreover, since T is a positive operator, we have |P(P)| < T(|P|), hence we 
can work as well with F e (S). Due to the duality between L p -spaces, it 
suffices to show that 

E[T{F)G\ < \\F\\ p \\G\\t , (^ + ^ = 1 )> 
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for any F E L+(S), G E L+(y). Since bounded and positive random 
variables are dense in all L\ for any p > 1, we can suppose without loss of 
generality that F,G E [a, b] almost surely for some < a < b < oo. Let 

M t = E[F p \E t ] 
N t = E[G q '\y t ] ■ 

Then, from the Ito representation theorem we have 

M t = M + f <f) s dX s 
Jo 

N t = N + l\ s dY s 
Jo 

where <p is H-adapted, is > adapted, M = E[F' P ], N = E[G q ']. From the 
Ito formula, we have 

M?Nt = MqNq + f <\\r; Xjd.\I s + B f MfN^dNs + 

Jo Jo 

+ l -^M:NlA s ds 

where 

and a — - , 8 — ^ . To see this it suffices to use the Ito formula as 

p ' " q' 

M? = Mq +af t Mf- l cf> s dX s + ^ ~ l) f Mf- 2 ct> 2 s ds 
Jo I Jo 

N? = ••• 
and then as 

M?N? - MqNq 

= f M«dN? + f N?dM« + aB f M^ 1 N^MsPsds 
Jo Jo Jo 

+ [aM:- i <p s dx s + a(a 2 ' 1] Mr 2 ^j 

+a8 f Mf- l Nt l MsPsds 
Jo 
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and finally to pick up together all the integrands integrated with respect to 

the Lebesgue measure ds. 

As everything is square integrable, it comes 

= E[F ■ G] 

' ' ^ E[N?M?A t ]dt + EMqNq 



Consequently 



2 Jo 



= E[F p ] a E[G q 'Y + - f° E[M?N?A t ]dt . 

2 Jo 



E[FG] - ||X|| P ||F| 



1 r c 
" 2 Jo 



E 



M?N?A t 



dt. 



Look now at A t as a polynomial of second degree with respect to . Then 

5 - = o?f?p\ - a(a - IW ~ 1) • 
If 5 < then the sign of A t is the same as the sign of a(a — 1) < 0, i.e., if 

a.s., then we obtain 

E[FG] = E[T(F)G] < \\F\\ p \\G\\ q/ 
which achieves the proof. □ 



Lemma 4.1.3 Let (w,z) = W x W be independent Brownian paths. For 
p G [0, 1], define x = pw + a/1 — p 2 z, Soo the a -algebra associated to the 
paths x. Then we have 

E[F(w)\E 00 ] = ^(px + Jl-pPz^) p(dz). 
Proof: For any G G L^S^), we have 

E[F(w) ■ G(x)] = E F(w)G^pw + ^/l- p 2 

= E F (^pw + yl - p 2 z^j G(w) 

= JJ-F {^P™ + \A — P 2 ^) ^(w) ' ^{dw)p{dz) 



= E 



G(x) J F(px + yjl - p 2 z^j ■ p{dz) 
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where w, z represent the dummy variables of integration. 



□ 



Corollary 4.1.4 Under the hypothesis of the above lemma, we have 



J F (ox + \Jl — p 2 z^j ii{dz) 



< \\F\ 



LP(n) 



for any 



(p-l)>p\q-l) 



4.2 Logarithmic Sobolev Inequality 

Let (Pt,t > 0) be the Ornstein-Uhlenbeck semigroup. The commutation 
relation (cf. EZD 

VP t f = e^Vf 
is directly related to the logarithmic Sobolev inequality of L. Gross: 



E 



flog/ 2 -E[f}\ogE[f}<2E \Vf\ 2 H 



In fact, suppose that / is strictly positive and lower and upper bounded. We 
have 



E[f log f]-E[f] log E[f] 



E 



d_ 

dt 



Ptf log P t f 



dt 



E[CP t f log P t f] dt 



E 



\VPJ\ 2 H 



dt 



e~ 2t E 



Ptf 

Ptf 



dt. (4.2.1) 



Now insert in 14.2.11 the following, 

l^(V/)| 2 H 



P if 



1/2 W 
fl/2 



< (Ptf)Pt 



H 
2 \ 
H I 
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which is a consequence of the Holder inequality, to obtain 



Elf log /]-£[/] log E]f] < 



I 

Jo 



•oo 



e~ M E P t 



\Vf\ 2 H 



f 



) 



dt 



J o °°e- 2t 4E[\vff\ 2 H ]dt 

mwff\ 2 H ], 



replacing / by f 2 completes the proof of the inequality. 

Remark 4.2.1 Here we have used the fact that if / > almost surely, then 
P t f > also. In fact one can prove, using the Cameron Martin theorem, 
that, if p,{g > 0} > 0, then P t g > almost surely. P t is called a positivity 
improving semi-group (cf. Corollary I6.1.7p . 



The hypercontractivity property of the Ornstein-Uhlenbeck semigroup is due to E. Nelson. 
The proof given here follows the lines given by J. Neveu, cf. |66j . For the logarithmic 
Sobolev inequality and its relations to hypercontractivity cf. |22j . 



Notes and suggested reading 
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Chapter 5 



L^-Multipliers Theorem, Meyer 
Inequalities and Distributions 

5.1 L p -Multipliers Theorem 

//-Multipliers Theorem gives us a tool to perform some sort of symbolic 
calculus to study the continuity of the operators defined via the Wiener chaos 
decomposition of the Wiener functionals. With the help of this calculus we 
will complete the proof of the Meyer's inequalities. 

Almost all of these results have been discovered by P. A. Meyer (cf. [62J) 
and they are consequences of the Nelson's hypercontractivity theorem ( [65] ) . 

First let us give first the following simple and important result: 

Theorem 5.1.1 Let F G L p (fi), p > 1, denote by I n {F n ) the projection of F 
on the n-th Wiener chaos, n > 1. Then the map F — > I n (F n ) is continuous 
on L p (fi). 

Proof: Suppose first p > 2. Let t be such that p = e 2t + 1, then we have 

11***11? < 11*112 ■ 

Moreover 

||**4(*n)||p < ||4(*n)||2 < 11*112 < ||*|| P 

but Ptln(Fn) = e- nt I n (F n ), hence 

||/n(*n)|| P <e nt ||F|| p . 

For 1 < p < 2 we use the duality: let F — > I n {.F n ) = J n (F). Then 

\\I n (F)\\ p = sup \(G,J n (F))\ 

\\G\\g<l 
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= sup|(J n (G),F>| 
= sup I (J n G,J n F) | 
< supe^llGHJFH, 



Proposition 5.1.2 (Meyer's Multipliers theorem) Let the function h 
be defined as 



oo 

k 



K x ) = Yl akX 

k=0 



be analytic around the origin with 



for n > n , for some n G IN. Let <p(x) = h(x~ a ) and define on L p {ji) as 

oo 

T F = $>(n)/ n (F n ) . 

n=0 

Then the operator to is bounded on L p (fi) for any p > 1. 
Proof: Suppose first a — 1. Let = 7\ + T 2 where 

«o-l 

71F = X! <f>(n)In(F n ), T 2 F = (I - T,)F . 

n=0 

From the hypercontractivity, F \-t T±F is continuous on L p (fi). Let 

oo 

A no F= £ J «( F «)- 

Since 

(J-A„ )(F) = ]T In(F n ), 

n=0 

A no : L p — > L p is continuous, hence -PiA no : L p — > L p is also continuous. 
Applying Riesz-Thorin interpolation theorem, which says that if P<A no is 
L q — > L q and L 2 — > L 2 then it is L p — > L p for any p such that ^ is in the 

-,h , we obtain 

I P A II <r II P A II e IlPA II <r II P A II 6 * II A II 

|-r^n ||p,p ^ H- r t^ A n ||2,2 II - r t^ A r*o II g.g — II -H^no \\ 2,2 II ^"0 II q,q 



interval 



Distributions 
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where ^ = § + ^ , G (0, 1) . Choose q large enough such that 9 « 1 (if 
necessary). Hence we have 

\\P t A n J p . p <e- not9 K, K = K(n ,9). 

A similar argument holds for p G (1,2) by duality. 
We then have 

T 2 (F) = ]T Hn)In(F n ) 

n>no 

= E(E«*0*)W) 

n>no fc 

= E°* E & fc W 

A; n>no 

= E>* E c- k i n {F n ) 

k n>no 



We also have 
l|£- 2 A no F||, 



/ P t A no Frft <K e- n ° et \\F\\ p dt < K ■ 
Jo p Jo 



n 

n 9 



Jo Jo 



P t+s A no Fdtds 



<k- J% 

p (n #) 2 



||£- fe A no F|| p < K\\F\\ p 



(n 9) k 



Therefore 



m(F)\\ P <^K\\F\\ p ^^nn^ 



by the hypothesis (take uq + 1 instead of no if necessary). 

For the case a G (0, 1) , let 9\ a \ds) be the measure on IR + , defined by 



/ e~ Xs 9[ a \ds) = e 
Jtr+ 



Define 



Then 



Q?F = J2e- nat I n (F n ) = r P s F9[ a \ds) . 

\\Q?A no F\\ p < \\f\\ p r e-»°»e<r\d8) 

J 

= ||F|| p e-^ a -, 
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the rest of the proof goes as in the case a — 1. □ 

Examples: 

1) Let 

(f)(n) = ( — 7==== ] sG (—00,00) 

1 + x 




h(x) 



Then : L p — > L p is bounded. Moreover x (n) = = h 1 (\f£), 
/i _1 (:c) = is also analytic near the origin, hence T^-i : L p — > L p is also a 
bounded operator. 

2) Let 4>(n) = then = \J -5^1 satisfies also the above hypothesis. 

3) As an application of (2), look at 

W + CyftVvW, = ||V(2/ + £) 1 /V|| P 

< \\(I + Cf 2 (2I + Cf 2 V \\ p 
= \\{2I + Cf/\I + CY'M P 

< Cp\\(I + C)<p\\ p . 
Continuing this way we can show that 

HVVllLPfoff®*) < c Pjk \\ip\\ Pjk (= + C) k/2 ip\\ p ) 
< c p ,fc(|M| p + ||VV||lp( m ,h®*)) 

and this completes the proof of the Meyer inequalities for the scalar-valued 
Wiener functionals. If S is a separable Hilbert space, we denote with TD Pjk (E) 
the completion of the S-valued polynomials with respect to the norm 



We define as in the case S = H, the Sobolev derivative V, the divergence 
5, etc. All we have said for the real case extend trivially to the vector case, 
including the Meyer inequalities. In fact, in the proof of these inequalities 
the main step is the Riesz inequality for the Hilbert transform. However this 
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inequality is also true for any Hilbert space (in fact it holds also for a class of 
Banach spaces which contains Hilbert spaces, called UMD spaces). The rest 
is almost the transcription of the real case combined with the Khintchine 
inequalities. We leave hence this passage to the reader. □ 



Corollary 5.1.3 For every p > 1, k e IR, V has a continuous extension as 
a map JD Pik ->■ JDp^^H). 



Proof: We have 



||V^|U = ||(/ + £) fe/2 Vv?|| 



V 



||V(2/ + £) fc /V 



i v 



< c p ||(l + £) 1 / 2 (2/ + £) fe/ Vll P 
« ||(/ + £)( fc+1 >/Vll P 

= IMIp,fc+i • 



□ 



Corollary 5.1.4 5 = V* : 1D P:k (H) — > ID P)fe _ 1 is continuous for all p > 1 
and k G IR. 

Proof: The proof follows from the duality. □ 
In particular we have : 

Corollary 5.1.5 The Sobolev derivative and its adjoint extend to distribu- 
tion spaces as explained below: 

• Sobolev derivative operates as a continuous operator on 

V : ID = H ID M -> D(H) = f] JD p , k (H) 

p,k p,k 

and it extends continuously as a map 

V : ID' = (JEW TD'(H) = \jT> Ptk {H). 

p,k p,k 

The elements of the space ID' are called Meyer- Watanabe distributions. 
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• Consequently its adjoint has similar properties: 

p,k 

is continuous and this map has a continuous extension to 

5 : ID' (if) ID' 

Proof: Everything follows from the dualities 

(ID)' = ID', (©(#))' = ©'(#). 



□ 



Definition 5.1.6 For n > 1, we define 5 n as (V n )* with respect to fi. 
Here is the generalization of Corollary 12.3.51 promised in Chapter 2: 

Proposition 5.1.7 For (p £ L 2 (fi), we have 

<P = E[<p) + '£± j 8"{E\S7 n <p]). (5.1.1) 

n>l 

Proof: If / is a symmetric element of H® n , we e shall denote by I n {f) the 
n-th order multiple Ito- Wiener integral of the density of / with respect to the 
Lebesgue measure on [0, l] n (cf. also Corollary I2.3.5[) . With this notational 
convention, suppose that h h->- cp(w + h) is analytic for almost all w. Then 
we have 

<p(w + h) = <p(w) + K 
Take the expectations: 



E[(p{w + h)} = E[<p £{8h)} 

(E[V n (p],h® n ) 



E[<P] + E 

n- 

E[<p] + 



n>l 



4(£[V>]) 



nl 



£(8h) 



Since the finite linear combinations of the elements of the set {£(5h)\ h £ H} 
is dense in any L p (fi), we obtain the identity 

^ / n (£[V>]) 
n>l ' l - 
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Let ^ e ID, then we have (with E[ip] = 0), 

(V>^> = ^E[I n {ip n )I n {il) n )\ 

n>\ 

7 n (£[V>]) 



J2 E 



nl 



In(lpn) 



hence we obtain that 



]T(£[V>],Vn) 

n 

£i(£[V>],£[V"VD 

n n - 

£-^[(£[v>],v»] 



In particular it holds true that 

5 n {E[V n V \} = I n {E[V n V \). 

Evidently this identity is valid not only for the expectation of the n-th deriva- 
tive of a Wiener functional but for any symmetric element of H® n . □ 



Remark 5.1.8 Although in the litterature Proposition 15.1.71 is announced 
for the elements of ID, the proof given here shows its validity for the elements 
of L 2 (n). In fact, although V n is a distribution, its expectation is an ordi- 
nary symmetric tensor of order n, hence the corresponding multiple Wiener 
integrals are well-defined. With a small extra work, we can show that in fact 
the formula (15.1.ip holds for any (f> G Ufc ez ID2,fc. 

Let us give another result important for the applications: 

Proposition 5.1.9 Let F be in some L p (n) with p > 1 and suppose that the 
distributional derivative VF of F, is in some L r (fi,H), (1 < r). Then F 
belongs to ID rApjl . 

Proof: Without loss of generality, we can assume that r < p. Let (e$; i G IN) 
be a complete, orthonormal basis of the Cameron-Martin space H. Denote 
by V n the sigma-field generated by Sex, . . . ,5e n , and by 7i n the orthogonal 



50 



Multipliers and Inequalities 



projection of H onto the subspace spanned by ei,...,e n , n G IN. Let us 
define F n by 

F n = E[P 1/n F\V n ], 

where P\i n is the Ornstein-Uhlenbeck semi-group at t = 1/n. Then F n 
belongs to JD r> k for any k G IN and converges to F in L r (fi). Moreover, from 
Doob's lemma, F n is of the form 

F n (w) = a(5e 1 , . . .,Se n ), 

with a being a Borel function on H™, which is in the intersection of the 
Sobolev spaces n^W^IR™ , fi n ) defined with the Ornstein-Uhlenbeck operator 
L n = —A +i-Von IR™. Since L n is elliptic, the Weyl lemma implies that a 
can be chosen as a C^-function. Consequently, VF n is again Immeasurable 
and we find , using the very definition of conditional expectation and the 
Mehler formula, that 

VF n = E[e- 1/n n n P l/n VF\V n }. 

Consequently, from the martingale convergence theorem and from the fact 
that 7r n — > Ih in the weak operators topology, it follows that 

VF n VF, 

in H), consequently F belongs to E) r i. □ 

Appendix: Passing from the classical Wiener 
space to the Abstract Wiener Space (or vice- 
versa) : 

Let (W, H, a) be an abstract Wiener space. Since, a priori, there is no notion 
of time, it seems that we can not define the notion of anticipation, non- 
anticipation, etc. This difficulty can be overcome in the following 
way: 

Let (p\] A G S), S C H, be a resolution of identity on the separable 
Hilbert space H, i.e., each p x is an orthogonal projection, increasing to Ih, 
in the sense that A >->■ (p\h, h) is an increasing function. Let us denote by 
H\ = px(H), where p\{H) denotes the closure of p\{H) in H. 

Definition 5.1.10 We will denote by F\ the a-algebra generated by the real 
polynomials ip on W such that Vy? G H\ u- almost surely. 
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Lemma 5.1.11 We have 



V^a = B(W) 

Aes 



up to fi-negligeable sets. 



Proof: We have already \J J- x <Z B(W). Conversely, if h G H, then \75h = h. 
Since Uags H x 18 dense in H, there exists (h n ) C Ua H x such that h n — >■ /i 
in iJ. Hence <5/i n — >■ 5/i in L p (fi), for all p > 1. Since each <5/i n is V^a- 
measurable, so does Sh. Since is generated by {8h; h e -H"} the proof 

is completed. □ 



Definition 5.1.12 ^4 random variable!; : W H is called a simple, adapted 
vector field if it can be written as a finite sum: 



€ = 2 F i(P^+i h i -PxM 



i<oo 



where hi e Fj are F ^-measurable (and smooth for the time being) random 
variables. 

Proposition 5.1.13 For each adapted simple vector field we have 

i) $$, = Ei<oo Fid{p\ t+1 hi - p Xi hi) 

ii) with Ito's isometry: 

e [m 2 ] — e ■ 

Proof: The first part follows from the usual identity 

S[Fi(p\ i+1 -Pxjhi] = F^[(p A . +1 -Pxjhi] - (yF u (p Xi+1 - p x .)h^j r 

and from the fact that the second term is null since VF, e H x almost surely. 
The verification of the second relation is left to the reader. □ 

Remark 5.1.14 If we denote SFj l] A . iA . +1 ](A) hi by £(A), we have the follow- 
ing relations: 

5£ = 5 Jj(\)d Px with H^lll = E jj(LpxL) = U\\W,h) , 
which are significantly analogous to the relations that we have seen before. 
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The Ito representation theorem can be stated in this setting as follows: 
suppose that A G S) is weakly continuous. We mean by this that the 
function 

A -> (p A /t, k) H 
is continuous for any h,k G if. Then 

Theorem 5.1.15 Let us denote with JD% Q (H) the completion of adapted sim- 
ple vector fields with respect to the L 2 (u,, H)-norm. Then we have 

LM=M + {8£:ZelDl (H)}, 

i.e., any G L 2 (fi) can be written as 

y? = E[p] + <5£ 

for some £ G ID^ q{H). Moreover such £ is unique up to L 2 (fi, H)- equivalence 
classes. 

The following result explains the reason of the existence of the Brownian 
motion (cf. also [90J): 

Theorem 5.1.16 Suppose that there exists some Qq E H such that the set 
{p\Qo', A G £} has a dense span in H (i.e. the linear combinations from it 
is a dense set). Then the real-valued (Fx) -martingale defined by 

b x = Spx^o 

is a Brownian motion with a deterministic time change and A G S) is 
its canonical filtration completed with the negligeable sets. 

Example: Let H = Hi([0, 1]), define A as the operator defined by Ah(t) = 
Jq sh(s)ds. Then A is a self-adjoint operator on H with a continuous spec- 
trum which is equal to [0, 1]. Moreover we have 

(P\h)(t) = J l [0t x](s)h(s)ds 

and Clo(t) = Jq l[o,ii (s)ds satisfies the hypothesis of the above theorem. f2 is 
called the vacuum vector (in physics). 

This is the main example, since all the (separable) Hilbert spaces are 
isomorphic, we can carry this time structure to any abstract Hilbert- Wiener 
space as long as we do not need any particular structure of time. 
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5.2 



Exercises 



1. Give a detailed proof of Corollary 15. 1.4[ in particular explain the why of the exis- 
tence of continuous extensions of S and V. 

2. Prove the last claim of Remark I5~. 1.8 1 



To complete the series of the Meyer inequalities, we have been obliged to use the hypercon- 
tractivity property of the Ornstein-Uhlenbeck semigroup as done in |62] . Once this is done 
the extensions of V and <5 to the distributions are immediate via the duality techniques. 
Proposition ^ . 1 . 7l is due to Stroock, 80 with a different proof. The results of the appendix 
are essentially due to the author, cf. [50]. In [101) a stochastic calculus is constructed in 
more detail. 



Notes and suggested reading 
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Chapter 6 



Some Applications 



Introduction 



In this chapter we give some applications of the extended versions of the 
derivative and the divergence operators. First we give an extension of the 
Ito-Clark formula to the space of the scalar distributions. We refer the reader 
to [TT] and [70] for the developments of this formula in the case of Sobolev 
differentiable Wiener functionals. Let us briefly explain the problem: al- 
though, we know from the Ito representation theorem, that each square inte- 
grable Wiener functional can be represented as the stochastic integral of an 
adapted process, without the use of the distributions, we can not calculate 
this process, since any square integrable random variable is not necessarily 
in D 21 , hence it is not Sobolev differentiable in the ordinary sense. As it 
will be explained, this problem is completely solved using the differentiation 
in the sense of distributions. Afterwards we give a straightforward appli- 
cation of this result to prove a — 1 law for the Wiener measure. At the 
second section we construct the composition of the tempered distributions 
with non-degenerate Wiener functionals as Meyer- Watanabe distributions. 
This construction carries also the information that the probability density of 
a non-degenerate random variable is not only infinitely differentiable but also 
it is rapidly decreasing. The same idea is then applied to prove the regularity 
of the solutions of the Zakai equation for the filtering of non-linear diffusions. 
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56 Applications 

6.1 Extension of the Ito-Clark formula 



Let F be any integrable random variable. Then we the celebrated Ito Rep- 
resentation Theorem 11.6.11 tells us that F can be represented as 



F = E[F}+ / H s dW s , 
Jo 

where (H s ; s G [0, 1]) is an adapted process such that, it is unique and 

/ H 2 ds < +oo a.s. 
Jo 

Moreover, if F G LP (p > 1), then we also have 



E 



\HJ 2 ds 



p/2 



< oo . 



One question is how to calculate the process H. In fact, below we will 
extend the Ito representation and answer to the above question for any F G 
ID' (i.e., the Meyer- Watanabe distributions). We begin with 

Lemma 6.1.1 Let £ G ID (if) be represented as £(£) = f^^ds, then n£ de- 
fined by 

7r£(i)= f E[i s \F s }ds 
Jo 

belongs again to W)(H). In other words it : ID(ii) — > ID(if) is a linear 
continuous operator. 

Proof: Let (Pt,t G 1R + ) be the Ornstein-Uhlenbeck semigroup. Then it is 
easy to see that, for any r G [0, 1], if <fi G L 1 ^) is £> r -measurable, then so 
is also P t (j> for any t G 1R+. This implies in particular that Ctt^ = 7r££. 
Therefore 



E 
E 



< c p E 



\{I + C) k ' 2 E[i\F s ]\ 2 ds 
\E[(I + C) k /%\F s ]\ 2 ds) 
{J\{l + C k ' 2 i s \ 2 ds 



p/2 
p/2n 



p/2- 



(C P =P) 



where the last inequality follows from the convexity inequalities of the dual 
predictable projections (c.f. [21]). □ 
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Lemma 6.1.2 n : ^D(H) — > ^D(H) extends as a continuous mapping to 
1D'(H) JD'(H). 

Proof: Let £ G T)(H), then we have, for k > 0, 

K|| p ,_ fe = ||(/ + £)- fe /Vll P 



= + C)~ k ' 2 t\\ p < CrMl + £)-*'*t\\ 



k/2. 



< CpM\\p,-k, 
then the proof follows since ID(iJ) is dense in ID' (if). 



□ 



Before going further let us give a notation: if F is in some nD p l then 
its Gross-Sobolev derivative VF is an if-valued random variable. Hence 
t h-> VF(t) is absolutely continuous with respect to the Lebesgue measure on 
[0, 1]. We shall denote by D S F its Radon-Nikodym derivative with respect 
to the Lebesgue measure. Note that D S F is ds x rfyU-almost everywhere well- 
defined. 

Lemma 6.1.3 Let ip G ID, then we have 

up = E[p] + f 1 E[D s cp\T s ]dW s 
Jo 

= E[<p] + SnVp . 

Moreover nVtp G JD(H). 

Proof: Let u be an element of L 2 (fi,H) such that u(t) = J^Usds with 
{ut',t G [0, 1]) being an adapted and bounded process. Then we have, from 
the Girsanov theorem, 

r if 1 a 2 r 1 

E ip(w + \u(w)). exp < — A J u s dW s — — J ii s ds 

Differentiating both sides at A = 0, we obtain: 

E[(Vip(w),u)-ip f 1 u s dW s ] = 0, 
Jo 

i.e., 

E[(y<p,u)] = E[<p Cu s dW s \. 

Jo 



E[p]. 



Furthermore 



E 



D s (pii s ds 



E / E\D s ip\F^u s ds 
Jo 

E[(nVp,u) H ] 

E[(J* E[D s p\F s ]dW s ) ( jf 1 u s dW s ) 
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Since the set of the stochastic integrals / u s dW s of the processes u as above 
is dense in Ll(u) = {F G L 2 (fi) : E[F] = 0}, we see that 

<p - EM = f 1 E\D s ip\JF s ]dW s = SnVip . 
Jo 

The rest is obvious from the Lemma 16.1.11 . □ 

Lemma [6.1.31 extends to ID' as: 
Theorem 6.1.4 For any T G ID', we have 

T = (T, 1) + 5ttVT . 
Proof: Let (<p n ) C ID such that (p n — > T in D' . Then we have 

T = lim y? n 

n 

= lira {E[(p n } + 5irV(p n } 
= limMoaJ + lim SirViPn 

n n 

= lim(l, if> n ) + lim 5ii\7ip n 

n n 

= (1,T) + 5ttVT 

since V : ID' D'(/T), tt : D'(H) 1D'(H) and 5 : E)'(7f) ^ D' are all 
linear, continuous mappings. □ 

Here is a nontrivial application of the Theorem 16.1.41 

Theorem 6.1.5 (0—1 law) 

Let A G B(W) such that Vh^A = 0, h G H , where the derivative is in the 
sense of the distributions. Then /i(A) = or 1. 

Remark: In particular, the above hypothesis is satisfied when A + H C A. 
Proof: Let Ta = 1a, then Theorem 16.1.41 implies that 

T A ={T A ,l) = fx(A), 

hence n(A) 2 = fi(A). Another proof can be given as follows: let T t be defined 
as Pt^A-, where (Pt,t > 0) is the Ornstein-Uhlenbeck semigroup. Then, from 
the hypothesis, VT t = e _t P t VlA = 0, consequently T t is almost surely a 
constant for any t > 0, this implies that lim^o^t — 1a is also a constant. 

□ 



Lifting of the Functionals 
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Remark 6.1.6 From Doob-Burkholder inequalities, it follows via a duality 
technique, that 



E 



o 



,P/2' 

\(I + C) k ' 2 E[D s <t>\F s }\ 2 ds 



<c p \\(I + C) k / 2 <p\\ p LPM 

< cp,*IMIp,k> 



for any p > 1 and G 1R. Consequently, for any (p G Dp^, 7rV0 G IDp^if) 
and the Ito integral is an isomorphisme from the adapted elements of W) P) k{H) 
onto D; k = {0 G D P)fc : (0, 1) = 0} (cf. |H5] for further details). 

Corollary 6.1.7 (Positivity improving) Let F G L p (fi), p > 1 fre a non- 
negative Wiener functional such that fi{F > 0} > 0, denote by (P t ,t G IR+) 
the Ornstein- Uhlenbeck semi-group. Then, for any t > 0, the set A t = {w : 
P t F{w) > 0} has full \i-measure, in fact we have 

A t + H C A t . 

Proof: From the Mehler and Cameron-Martin formulae, we have 

P t F(w + h) = [ F(e-\w + h) + Vl- e- 2t y)fi(dy) 
Jw 



F( e - t w + Vl - e- 2t y)p(a t 5h(y))fi(dy) 
w 



where 



e 



-2t 



and 

p(<to) =exp{Sh-l/2\h\ 2 H ] . 

This proves the claim about the if-invariance of A t and the proof follows 
from Theorem 16.1.51 □ 



6.2 Lifting of «S'(]R d ) with random variables 

Let / : 1R — > 1R be a C^-function, F G ID. Then we know that 

V(f(F)) = f(F)VF. 
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Now suppose that \VF\ H 2 G f]L p (fi), then 

(V(/(F)),VF)„ 



f{F) = 



|VF 



2 
H 



Even if / is not C 1 , the right hand side of this equality has a sense if we look 
at V(/(F)) as an element of ID'. In the following we will develop this idea: 

Definition 6.2.1 Let F : W — >■ IR a! &e a random variable such that Fj G ID, 
/or all i — 1, . . . ,d, and that 

[dettVF^VF,-)]- 1 G n^)- 
p>i 

T/ien we say #ierf F is a non-degenerate random variable. 

Lemma 6.2.2 Lei denote by = (VFj, VFj)h and by 7 = o --1 ('as a 
matrix). Then 7 G E)(IR d ® IR d ), m particular det 7 G ID. 

Proof: Formally, we have, using the relation a • 7 = Id, 

k,l 

To justify this we define first a - ?- = 07,- + e^-, e > 0. Then we can write 
7?- = fij(a £ ), where / : IR d <8> JR d ->• IR d <g> IR d is a smooth function of 
polynomial growth. Hence 7^ G ID. Then from the dominated convergence 
theorem we have 7^ — > 7^ in L p and V fe 7^ — *-V fc 7j./ in L p (fi, H® k ) (the latter 
follows again from 7 e • o~ e = Id). □ 

Lemma 6.2.3 Let G G ID. Taen, for all f G «S(IR d ), the following identities 
are true: 

1. 

E[d t f(F).G] = E[f(F) h(G)], 
where G UiG) is linear and for any 1 < r < q < 00, 

sup ||Zi(G)|| r < +00. 

l|G|U,i<l 

2. Similarly 

E[d ll ... lk foF.G] = E[f{F).l ll ... lk {G)] 

and 

sup ||Z il ...i fc (G ! )|| r < 00. 

l|G||,,i<l 
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Proof: We have 



hence 



V(foF) = J2d l f(F)VF i 
i=i 



(V(/oF),VF> = E^W) 

3=1 



Since a is invertible, we obtain: 

W) = E7,(V(/oF),VF j ) fl . 



Then 

= ^£[ TlJ (V(/oF),VF 3 ) fl G] 

3 

= J2E[foF5{VF jltJ G}], 

3 

hence we see that k(G) = J2j ^{V^ijG}. Developing this expression gives 
h(G) = -E[(V(7«G),VF^-7«G/^-] 



= -E 



Hence 



7ij (VG, VFjOh - E 7ifc7ij(V<7 W , VF>G - n 3 GCF j 

k,i 



H(G)I<E 



E l7*fc7jj| |V<T fcJ | |VFj| |G| 
j L fcz 

+| 7o -| lVi^-1 |VG| + hj\ \G\ \CFj\] . 



Choose p such that ± = £ + ± and apply Holder's inequality: 



i(G)||r < E[EH G 'll ? ll7^|V ( 7 W | Jf |VF j | ff || p + 

i=l fc,Z 



+ ll7^|VF J .||| p |||VG'||| ? +|| 7 ^F J .|| p ||G'| 
< l|G|| s> i[Ell7ifc7ii|VF«||VF i ||| p + 
+ ll7«|VF J -||| I ,+ ||7^F J -|| p 



62 



Lifting of S'OR d ) 



To prove the last part we iterate this procedure for % > 1. □ 

Remember now that <S(H d ) can be written as the intersection (i.e., pro- 
jective limit) of the Banach spaces S 2 k which are defined as below: 
Let A = I — A+ \x\ 2 and define ||/||2fc — ||^4 fc /||oo (the uniform norm). Then 
let S2k be the completion of iS(IR d ) with respect to the norm || • \\ 2 k ■ 

Theorem 6.2.4 Let F E JD(JR d ) be a non- degenerate random variable. Then 
we have for f E S(IR d ): 

11/ ° ^||p,-2fe < C Pi fc||/||-2fc • 

Proof: Let ip = A~ k f G S(TR d ). For G G E>,from Lemma 1031 we know 
that there exists some r]2k{G) G ID with G h- > r]2k{G) being linear, such that 

E[A h ijj o F G] = E[ip o F r] 2 k(G)] , 

i.e., 

E[foFG] = E[(A- k f)oFr, 2k (G)}. 

Hence 

\E[foFG]\< \\A- k f\U\ V 2 k (G)\\^ 

and 

sup \E[foF.G]\ < p- fc /IU sup \\ri2k{Cf)h 

l|G[|,,a fc <l I|G||,,»<1 

= K\\fUk- 

Consequently 

||/oF|| Pi _ 2fc <K||/||_ 2fc . 

□ 

Corollary 6.2.5 The linear map f i— >■ / o F from S(1R d ) into ID extends 
continuously to a map from S'(1R d ) into ID' whenever F G ID(IR d ) is non- 
degenerate. 

As we have seen in Theorem 16.2.41 and Corollary 16.2.51 if F : W — > JR d is 
a non-degenerate random variable, then the map / i— >■ / o F from iS(IR d ) — > 
ID has a continuous extension to iS'(IR a! ) — > ID' which we shall denote by 
T^ToF. 
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For / G iS(IR d ), let us look at the following Pettis integral: 

f(x)£ x dx , 

where £ x denotes the Dirac measure at x G IR d . We have, for any g G iS(IR d ), 

f(x)£ x dx } g) = j (f(x)£ x ,g)dx 
f(x)(£ x ,g)dx 
f(x)g(x)dx = (f,g) . 

Hence we have proven: 

Lemma 6.2.6 The following representation holds in S(1R d ): 

f = . f(x)£ x dx . 

JlR d 

From Lemma [6. 2. 6[ we have 
Lemma 6.2.7 We have 

\£ y (F),tp)f(y)dy = E[f(F)tp), 



for any if G ID, where (•, •) denotes the bilinear form of duality between ID' 
and ID. 

Proof: Let p e be a mollifier. Then £ y * p e — >■ £ y in S' on the other hand 

(S y *p e )(F)f(y)dy = [ p e (F + y) f(y)dy = 

= f dPe (y)f(y + F)dy ^f(F). 

On the other hand, for (p G ID, 

lim/ <(£ y *p e ) (F),<p > f(y) dy = j lim < (£ y * p € )(F), <p > f(y)dy 



/ , < £y{F),v> f(y)dy 

<f(F),V> 
E[f{F)ip] . 



□ 
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Corollary 6.2.8 We have 

moreover pf £ S(1R d ) (i.e., the probability density of F is not only C°° but 
it is also a rapidly decreasing function). 

Proof: We know that, for any ip £ ID, the map T — > (T(F), 99) is continuous 
on 5'(]R d ) hence there exists some pp j(p £ S(lR d ) such that 

E[T(F) .<p}= s {PF,<p,T)s>. 

Let Pf,i = Pf, then it follows from the Lemma [6 . 2 . 6 1 that 

E[f(F)} = J(S y (F),l)f(y)dy 



PF{y)f{y)dy. 



Remark 6.2.9 From the disintegration of measures, we have 
E[f(F)<p] = [ p F (x)E[p\F = x]f{x)dx 

J]R d 

= ( f(x){£ x (F), cp)dx 

JTR d 

hence 



□ 



EMF = x] = <«£M 

Pf{x) 

(ix-almost surely on the support of the law of F. In fact the right hand side 
is an everywhere defined version of this conditional probability. 

6.2.1 Extension of the Ito Formula 

Let (xt) be the solution of the following stochastic differential equation: 

dx t {w) = bi(xt(w))dt + ai{x t {w))dw\ 
Xq = x given, 

where b : IR d -> H d and a { : JR d -> H d are smooth vector fields with bounded 
derivatives. Let us denote by 
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where 

b\x) = b\x) -\Y,dk^{x)a k a {x). 

k,a 

If the Lie algebra of vector fields generated by {X , Xi, . . . , X^} has dimen- 
sion equal to d at any x G IR , then Xt(w) is non-degenerate cf. [102]. In fact 
it is also uniformly non-degenerate in the following sense: 

E f |det(V4, Vxl)\- p dr < oo , 

J s 

forall < s < t and p > 1. 

As a corollary of this result, combined with the lifting of S' to ID', we can 
show the following: 

Theorem 6.2.10 For any T G S'(1R d ), one has the following: 

T{x t ) - T(x s ) = f AT{x s )ds + I a^Xs) ■ d j T{x s )dWl 

J s J s 

where the Lebesgue integral is a Bochner integral, the stochastic integral is 
as defined at the first section of this chapter and we have used the following 
notation: 

1 d 2 

A = b l di + - XI (x) dxidx ^ , a(x) = (aa*) i:j , a = [a t , . . . , a d ] . 

6.2.2 Applications to the filtering of the diffusions 

Suppose that we are given, for any t > 0, 

y t = [ h(x s )ds + B t 
Jo 

where h G C£°(Wl d ) ® lR d , B is another Brownian motion independent of w 
above. The process (yt',t G [0, 1]) is called an (noisy) observation of (x t ,t G 
1R+). Let y t = o-{y s ;s G [0, t]} be the observed data till t. The filtering 
problem consists of calculating the random measure / i— >■ E[f(x t )\yt\- Let 
P° be the probability defined by 

dP° = Z~ x dP 

where ^ 

Z t = exp jY (h(x s ),dy s ) - - \h(x s )\ 2 dsj . 
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Then for any bounded, ^-measurable random variable Y t , we have: 

= E\^f(x t ).Y t 
= E°[Z t f(x t )Y t ] 



E[f(x t ).Y t ] 



hence 



E 



E[f(x t )\y- t 



E° \E°[ZJ(x t )\y t ]-Y t 
1 



E°[z t \y ti 
1 E°[z t f(x t )\y t 



E°[Z t f(x t )\y t ]-Y t 



E° 



z t \y t 



If we want to study the smoothness of the measure / E[f(x t )\y t ], then 
from the above formula, we see that it is sufficient to study the smoothness of 
/ i — y E°[Z t f(xt)\yt]- The reason for the use of P° is that w and (y t ; t G [0, 1]) 
are two independent Brownian motions Q under P° 

Remark 6.2.11 Let us note that the random distribution / — > vt{f) defined 
by 

v t (f) = E°[Z t f(x t )\y t ) 
satisfies the Zakai equation: 

Mf) = Mf) + f "s(Af)ds + f 2 v.(hif)dyi , 
J o Jo i 

where A denotes the infinitesimal generator of the diffusion process (x t , t G 
M+) 

After this preliminaries, we can prove the following 
Theorem 6.2.12 Suppose that the map 

f f{x t ) from S{JR d ) into ID has 
a continuous extension as a map from S'(JR d ) into ID'. Then the measure 
f h-> E[f(x t )\y t ] has a density in S(lR d ). 

Proof: As explained above, it is sufficient to prove that the (random) mea- 
sure / I—)- E [Z t f(x t )\yt] has a density in 5(lR d ). Let C y be the Ornstein- 
Uhlenbeck operator on the space of the Brownian motion (y t ; t G [0, 1]). Then 
we have 

C y Z t = Z t (- J* h(x s )dy s + ~ jf* Ihix^ds^j G P| L p . 



1 This claim follows directly from Paul Levy's theorem of the characterization of the 
Brownian motion. 
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It is also easy to see that 

C k w Z t ef]L p . 

p 

From these observations we draw the following conclusions: 

• Hence Z t (w,y) G JD{w,y), where TD(w,y) denotes the space of test 
functions defined on the product Wiener space with respect to the laws 
of w and y. 

• The second point is that the operator E°[ ■ \y t ] is a continuous mapping 
from JD Pt k(w, y) into E)° k (y), for any p > 1, k G Z), since C y commutes 

with E°[-\y t ] . 

• Hence the map 

T ^ E°[T(x t )Z t \y t ] 

is continuous from «S'(IR d ) — > E)'(y). In particular, for fixed T e S', 
there exist p > 1 and fc 6 IN such that T(x t ) G ]D Pi _fe(w). Since 
Z t G JD(w,y), 

Z t T(x t )ETD p ,_ k (w,y) 

and 

T(i ( ).(/ + £„)^ t eD p ,> 1 ji). 

• Consequently 

E°[T(x t ) ■ (I + C y ) k ' 2 Z t \y t ] G ID P) _ fe (y). 

• Finally it follows from the latter that 

(/ + cr h / 2 E°[T(x t )(i + c y ) k ' 2 z t \y t \ = E°[T(x t )Z t \y t ] 

belongs to L p (y). Therefore we see that: 

T ^ E°[T(x t )Z t \y t ] 

defines a linear, continuous (use the closed graph theorem for instance) 
map from S'(JR d ) into L p (y). 

Since ^'(IR' 1 ') is a nuclear space, the map 

T & E°[T(x t )Z t \y t ] 
is a nuclear operator. This implies that 9 can be represented as 

oo 
i=l 
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where (A t ) G Z 1 , (/•) C S(IR d ) and (a*) C L p {y) are bounded sequences. 
Define 

oo 

k t {x, y ) = y £x i f i (x)a i ( y ) e SOR*)®!^) 

where ®i denotes the projective tensor product topology. It is easy now to 



g(x)k t (x, y)dx = E°[g(x t ) ■ Z t \y t ] 

lTR d 

and this completes the proof. □ 

6.3 Some applications of the Clark formula 

6.3.1 Case of non-differentiable functionals 

In this example we use the Clark representation theorem for the elements 
of ID' and the composition of the tempered distributions with the non- 
degenerate Wiener functionals: Let w i— > n(w) be the sign of the ran- 
dom variable w i— >■ Wi(w) where W\ denotes the value of the Wiener path 
(Wt,t G [0, 1]) at time t — 1. We have, using Theorem 16.2.41 



E[D t K\T t ) = 2exp 



dt x c?/i-almost surely. Hence 



2(1-*) J J2n(l-t) 



1 { W? ) 1 
2 1 exp{ - — * . . dW f 



o 



(!-*)] ^/2tt(1 -t) 



t j 



//-almost surely. Note that, although /t is not strongly Sobolev differentiable, 
the integrand of the stochastic integral is an ordinary square integrable pro- 
cess. This phenomena can be explained by the fact that the conditional 
expectation tames the distribution, in such a way that the result becomes an 
ordinary random variable. 

Here is another application of the Clark formula: 

Proposition 6.3.1 Assume that A is a measurable subset of W , then from 
Theorem \ 6.1.4\ there exists an ca G L 2 (fi,H) which can be represented as 



6a(£) = Jo 6a(t)^t, t G [0, 1], such that ca is adapted and 



1 A = fi(A) + 5e A 
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If B is another measurable set, then A and B are independent if and only if 

E[(e A ,e B ) H ] = 0. 

Proof: It suffices to observe that 

fi(A HB) = li(A)ii(B) + E[(e A , e B ) H \ , (6.3.1) 

hence A and B is independent if and only if the last term in (16.3. 1 j) is null. 

□ 



6.3.2 Logarithmic Sobolev Inequality 

As another application of the Clark representation theorem, we shall give a 
quick proof of the logarithmic Sobolev inequality of L. Gross H (cf. [36]). 

Theorem 6.3.2 (log-Sobolev inequality) For any <p e IE^i, we have 

E[<p 2 log0 2 ] < E[4> 2 ] log£[0 2 ] + 2E[\V<j>\%] . 

Proof: Clearly it suffices to prove the following inequality 

E[f log f]<^E 

for any / G 1D 21 which is strictly positive, lower bounded with some e > 
and with E[f] = 1. Using the Ito-Clark representation theorem, we can write 

^-(l'T«4l'(T) ! | 

where f s = i?[/|J r s ]. It follows from the Ito formula that 



E[f\ogf} = 




Let v be the probability defined by du = f d/i. Then we have 
E[f log f] = l -E 



2 The proof which is given here is similar to that of B. Maurey. 
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-E„ 



{E v [D 8 \ogf\F a )) 2 ds 



< \e v f\D 8 \ogffds 
I Jo 



1 



-E 



'JV/I 
/ 



□ 



Remark 6.3.3 We have given the proof in the frame of the classical Wiener 
space. However this result extends immediately to any abstract Wiener space 
by the use of the techniques explained in the Appendix of the fourth chapter. 

Remark 6.3.4 A straightforward implication of the Clark representation, 
as we have seen in the sequel of the proof, is the Poincare inequality which 
says that, for any F G 1)2,1, one has 

E[\F-E[F]\ 2 ]<E[\VF\ 2 H ]. 

This inequality is the first step towards the logarithmic Sobolev inequality. 



Exercises 

1 . Assume that F : W — » X is a measurable Wiener function, where X is a separable 
Hilbert space. Assume further that 

\\F(w + h)- F{w + k)\\ x < K\h - k\ H 

/i-almost surely, for any h, k £ H. Prove that there exists F' = F almost surely 
such that 

\\F'(w + h)- F'{w + k)\\ x < K\h - k\ H 
for any w € W and h, k E H. 

2. Deduce from this result that if A is a measurable subset of W, such that A + h C A 
almost surely, then A has a modification, say A' such that A + H C A. 



Notes and suggested reading 

Ito-Clark formula has been discovered first by Clark in the case of Frechet differentiable 
Wiener functionals. Later its connections with the Girsanov theorem has been remarked 
by J.-M. Bismut, D. Ocone has extended it to the Wiener functionals in 1)2,1, cf. 
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[70] . Its extension to the distributions is due to the author, cf. [55]. Later D. Ocone and 
I. Karatzas have also extended it to the functionals of Dii. 

Composition of the non-degenerate Wiener functionals with the elements of ^'(IR^) 
is due to Kuo [50] ■ Watanabe has generalized it to more general Wiener functionals, 
|1021 1103] . Later it has been observed by the author that this implies automatically 
the fact that the density of the law of a non-degenerate Wiener functional is a rapidly 
decreasing C°° function. This last result remains true for the conditional density of the 
non-linear filtering as it has been first proven in [8 9) . 
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Chapter 7 



Positive distributions and 
applications 

7.1 Positive Meyer- Wat anabe distributions 

If 9 is a positive distribution on IR d , then a well-known theorem says that 9 
is a positive measure, finite on the compact sets. We will prove an analogous 
result for the Meyer- Watanabe distributions in this section, show that they 
are absolutely continuous with respect to the capacities defined with respect 
to the scale of the Sobolev spaces on the Wiener space and give an application 
to the construction of the local time of the Wiener process. We end the 
chapter by making some remarks about the Sobolev spaces constructed by 
the second quantization of an elliptic operator on the Cameron-Martin space. 

We will work on the classical Wiener space Co([0, 1]) = W . First we have 
the following: 

Proposition 7.1.1 Suppose (T n ) C ID' and each T n is also a probability 
on W. If T n — » T in ID', then T is also a probability and T n — >■ T in the 
weak- star topology of measures on W . 

For the proof of this proposition, we shall need the following: 

Lemma 7.1.2 (Garsia-Rademich-Ramsey lemma) Letp,ip be two con- 
tinuous, stritly increasing functions on JR + such that ip(0) = p(0) = and 
that limfr+oo ^(t) — oo. Let T > and f E C([0, T], JR d ). If 

■W V p(\t-s\) ) 
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then for any < s < t < T, we have 



l/W -/(»)!< 8 



Proof: [of the Proposition] It is sufficient to prove that the sequence 
of probability measures (z/ n ,n > 1) associated to (T n ,n > 1), is tight. In 
fact, let S = ID fl Cb(W), if the tightness holds, then we would have, for 
v = w — \imi> n (taking a subsequence if necessary), where w — lim denotes 
the limit in the weak-star topology of measures, 



Since the mapping w — >■ e^ w ' w ' (w* E W*) belongs to S, S separates the 
probability measures on (W, B{W)) and the proof would follow. 
In order to realize this program, let G : W — > JR be defined as 



Then G G ID and A\ = {G(w) < A} is a compact subset of W. In fact, from 
Garsia-Rademich-Rumsey lemma(|;81j), the inequality G{w) < X implies the 
existence of a constant K\ such that 



for < s < t < 1, hence Ax is equicontinuous, then the Arzela-Ascoli 
Theorem implies that the set {w : G(w) < A} is relatively compact in W, 
moreover it is a closed set since G is a lower semi-continuous function by 
the Fatou Lemma. In particular, it is measurable with respect to the non- 
completed Borel sigma algebra of W. Moreover, we have Ua>o A\ = W 
almost surely. Let <p E C°°(IR) such that < ip < 1; f(x) = 1 for x > 0, 
<p(x) = for x < —1. Let f\(x) = <p(x — A). We have 



= T(ip) on S . 




w(s) - w(t)\ < K\\t - s\ " , 




We claim that 




To see this, for e > 0, write 
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Then ip\(G £ ) G S (but not (p\(G), since G is not continuous on W) and we 
have 

ip x {G £ )dv n = ((p\(G e ),T n ). 



Moreover ip\{G £ ) — > <p\(G) in ID, hence 

lim<^ A (G 6 ) j r n ) = (^ A (G),T n ). 
From the dominated convergence theorem, we have also 



limy ip x (G £ )du n = J (fx(G)du n . 



Since T n — > T in ID', there exist some > and p > 1 such that T n — > T in 
Dp^fe. Therefore 

(MG),T n ) = ((I + £) k / 2 MG),(I + £)- k/2 T n ) 



< 



(I + C) k ^ x (G) 



sup 

9 n 



From the Meyer inequalities, we see that 



lim 

A— >oo 



(J + £) fe /VA(G) 







in fact, it is sufficient to see that V l ((p\(G)) — > in L p for all i < [k] + 1, but 
this is obvious from the choice of y?A- We have proven that 



lim swpu n (A c x ) 

A— >oo n 

< sup {I + C)- k/2 T n 



lim 

V A— >oo 



(I + £) fc/ VA(G) 
which implies the tightness and the proof is completed. 



□ 



Corollary 7.1.3 Let T G ID' such that (T,tp) > ; /or all positive if G ID. 
Then T is a Radon measure on W . 

Proof: Let (hi) C H be a complete, orthonormal basis of if. Let = 
a{5hi, . . . , <5/i n }. Define T n as T n = £J[Px/ n T|V^] where Pi/ n is the Ornstein- 
Uhlenbeck semi-group on W. Then T n > and it is a random variable 
in some L p (fi). Therefore it defines a measure on W (it is even absolutely 
continuous with respect to fi). Moreover T n — > T in ID', hence the proof 
follows from Proposition 17.1.11 □ 
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7.2 Capacities and positive Wiener functio- 
nal 

We begin with the following definitions: 

Definition 7.2.1 Let p G [l,oo) and k > 0. If O C W is an open set, we 
define the (p, k)- capacity of O as 

C P ,k(°) = inf {IMIp,fc : V 2 e lDp >fc ,v? > 1/i - a.e. on 0} . 
If A C W is any set, define its (p, k) -capacity as 



• We say that some property takes place (p, /c)-quasi everywhere if the 
set on which it does not hold has (p, /c)-capacity zero. 

• We say iV is a slim set if C Ptk (N) = 0, for all p > 1, k > 0. 

• A function is called (p, A;)-quasi continuous if for any e > , there 
exists an open set O e such that C Py k{0 £ ) < e and the function is con- 
tinuous on O c e . 

• A function is called oo-quasi continuous if it is (p, /c)-quasi continuous 
for any p > 1, k £ IN. 

The results contained in the next lemma are proved by Fukushima & Kaneko 



Lemma 7.2.2 1. If F G ID^^, then there exists a (p, k)-quasi continuous 
function F such that F = F fi-a.e. and F is (p, k)-quasi everywhere 
defined, i.e. if G is another such function, then C P ^{{F ^ G})) = 0. 

2. If A G W is arbitrary, then 

C P)k {A) = mf{\\ip\\ p>k : ip G E> M , (p > 1 (p,r) - q.e. on A} 

3. There exists a unique element Ua G such that Ua > 1 {p, k) -quasi 
everywhere on A with C P ^(A) = \\UA\\ Pt k, o^nd Ua > (p, k)-quasi 
everywhere. Ua is called the (p, k)- equilibrium potential of A. 



C P ,k(A) 



inf{Cp ifc (0); O is open OdA}. 



(cf. J33]): 



Local Time 
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Theorem 7.2.3 Let T e ID' be a positive distribution and suppose that T G 
TDq-k for some q > 1, k > 0. Then, if we denote by ut the measure associated 
to T , we have 

MA) < \\T\\ q ^ k (C P AA)) 1/p , 

for any set A C W , where vt denotes the outer measure with respect to vt- 
In particular vt does not charge the slim sets. 

Proof: Let V be an open set in W and let Uy be its equilibrium potential 
of order (p, k). We have 

(P 1/n T,U v ) = Jp 1/n TU v dpi 

> J v P 1/n TU v dfi 

> [ P 1/n Tdfi 

= v Pl/nT (y)- 

Since V is open, we have, from the fact that vp xjn T — > weakly, 

liminf v P T {V) > v T (V) . 

7WOO 1/n \ / \ / 

On the other hand 

\\m(P 1/n T,U v ) = (T,U V ) 



n— >oo 



— \\T\\q,-k\\Uv\\p,k 

= \\T\\ q ,_ k c Ptk (vy/v. 



□ 



7.3 Some Applications 

Below we use the characterization of the positive distributions to give a 
different interpretation of the local times. Afterwards the — 1 law is revisited 
via the capacities. 

7.3.1 Applications to Ito formula and local times 

Let / : JR d -> H be a function from <S'(IR d ) and suppose that (X t ,t > 0) 
is a hypoelliptic diffusion on IR d which is constructed as the solution of the 
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following stochastic differential equation with smooth coefficients: 

dX t = a(X t )dW t + b(X t )dt (7.3.1) 
X = x G !R d . 

We denote by L the infinitesimal generator of the diffusion process {X t ,t > 
0). For any t > 0, X t is a non-degenerate random variable in the sense of 
Definition 16.2.11 Consequently we have the extension of the Ito formula 

f(X t ) - f(X u ) = f t Lf(X s )ds+ f a ij {X s )d i f{X s )dWi, 

Ju Ju 

for < u < t < 1. Note that, since we did not make any differentiability hy- 
pothesis about /, the above integrals are to be regarded as the elements of ID'. 
Suppose that Lf is a bounded measure on IR d , from our result about the pos- 
itive distributions, we see that f* Lf(X s )ds is a measure on W which does not 
charge the slim sets. By difference, so does the term J*aij(X s )dif(X s )dWi. 
As a particular case, we can take d = 1, L = |A (i.e. a = 1), f(x) = \x\ and 
this gives 

\W t \-\W u \ = l f A\x\(W s )ds + f ^-\x\(W s )dW s . 
z Ju Ju dx 

As 4-\x\ = sign(x), we have 

f —\x\{W s )dW s = f sign(W s )dW s = M? 

Ju dx Ju 

is a measure absolutely continuous with respect to \i. Since lim^o M" = N t 
exists in all L p , so does 

lim / A\x\(W s )ds 

in LP for any p > 1. Consequently f£ A\x\(W B )ds is absolutely continuous 
with respect to /i, i.e., it is a random variable. It is easy to see that 

A\x\(W s ) = 2S (W s ) } 

where Sq denotes the Dirac measure at zero, hence we obtain 

[ t 2£ (W s )ds = [ A\x\(W s )ds 
Jo Jo 

= 2% 

which is the local time of Tanaka. Note that, although £q(W 8 ) is singular 
with respect to /i, its Pettis integral is absolutely continuous with respect to 
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Remark 7.3.1 If F : W — > IR d is a non-degenerate random variable, then 
for any S G S'(lR d ) with S > on S+(IR d ), S(F) G ID' is a positive distri- 
bution, hence it is a positive Radon measure on W. In particular £ X (F) is a 
positive Radon measure. 

7.3.2 Applications to — 1 law and to the gauge func- 
tional of sets 

In Theorem 16.1.51 we have seen that an i/-nvariant subset of W has measure 
which is equal either to zero or to one. In this section we shall refine this 
result using the capacities. Let us first begin by defining the gauge function 
of a measurable subset of W: if A G B(W), define 

q A (w) = mf[\h\ H : h G (A - w) n H] , (7.3.2) 

where the infimum is defined as to be infinity on the empty set. We have 

Lemma 7.3.2 For any A G B(W), the map q A is measurable with respect 
to the fi- completion of B(W). Moreover 

\q A {w + h) - q A (w)\ < \h\ H (7.3.3) 

almost surely, for any h G H and fi{q A < oo} = or 1. 

Proof: Without loss of generality, we may assume that A is a compact subset 
of W with /jl(A) > 0. Then the set K{w) = (A - w) n H ^ almost surely. 
Therefore w — > K(w) is a multivalued map with values in the non-empty 
subsets of H for almost all w G W. Let us denote by G(K) its graph, i.e., 

G(K) = {{h,w) : h G K(w)}. 

Since (h,w) t— y h + w is measurable from H x W to W when the first space is 
equipped with the product sigma algebra, due to the continuity of the map 
(h, w) — > w + h, it follows that G(K) is a measurable subset of H x W . 
From a theorem about the measurable multi-valued maps, it follows that 
w — > K{w) is measurable with respect to the /i- completed sigma field B(W) 
(cf. [IS]). Hence there is a countable sequence of //-valued measurable 
selectors G IN) of K (i.e., U{ : W — >■ H such that Ui(w) G K{w) almost 
surely) such that (ui(w),i G IN) is dense in K{w) almost surely. To see the 
measurability, it suffices to remark that 



q A {w) = mi(\ui(w)\ H ■ i G IN) 
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The relation [7331 is evident from the definition of q^. To complete the proof 
it suffices to remark that the set Z = {w : Qa{w) < 00} is iJ-invariant, 
hence from Theorem 16. 1.5[ fi(Z) = or 1. Since Z contains A and fi(A) > 0, 

H{Z) = 1. □ 

The following result refines the — 1-law (cf. [29], [52] ) : 

Theorem 7.3.3 Assume that A <zW is an H -invariant set of zero Wiener 
measure. Then 

CV,i(A) = 

for any r > 1 . 

Proof: Choose a compact K C A c with fi(K) > 0. Denote by B n the ball 
of radius n of H and define K n = K + B n . It is easy to see that U n K n is an 
H- invariant set. Moreoever 

{U n K n ) n A = , 

otherwise, due to the if-invariance of of A, we would have A D iiT 7^ 0. We 
also have n{K n ) — > 1. Let 

Pn(^) = feO) A 1 . 

From Proposition 15.1.91 we see that p n G DplD^i. Moreover p n (w) = 1 on 
(hence on A) by construction. Since p n = on K n , from Lemma [2.5.11 
Vp n = almost surely on K n . Consequently 

C r>1 (A) < J(\p n \ r + \Vp n \ T H )dfi 

= I {\Pn\ r + \V Pn \ r H )du. 

< 2u,(K c n )^0 

as n —7- 00. □ 



7.4 Local Sobolev spaces 

In Chapter II we have observed the local character of the Sobolev derivative 
and the divergence operator. This permits us to define the local Sobolev 
spaces as follows: 



Local Sobolev Spaces 



81 



Definition 7.4.1 We say that a Wiener functional F with values in some 
separable Hilbert space X belongs to JD p °l(X), p > 1, if there exists a sequence 
(tt n ,n > 1) of measurable subsets of W whose union is equal to W almost 
surely and 

F = F n a.s. on fi n , 

where F n G JD p> i(X) for any n > 1. We call ((ft n , F n ),n > 1) a localizing 
sequence for F. 

Lemma 12.5.11 and Lemma 12.5.21 of Section 12.51 permit us to define the local 
Sobolev derivative and local divergence of the Wiener functionals. In fact, if 
F G 1D^(X), then we define W loc F as 

V /oc F = VF n on Vl n . 

Similarly, if £ G TD l °t(X g> H), then we define 

From the lemmas quoted above V Zoc -F and 5 loc ^ are independent of the choice 
of their localizing sequences. 

Remark: Note that we can define also the spaces D^(X) similarly. 
The most essential property of the Sobolev derivative and the divergence 
operator is the fact that the latter is the adjoint of the former under the 
Wiener measure. In other words they satisfy the integration by parts formula: 

£[(V0, Oh] 

In general this important formula is no longer valid when we replace V and 
S with W loc and S loc respectively. The theorem given below gives the exact 
condition when the local derivative or divergence of a vector field is in fact 
equal to the global one. 

Theorem 7.4.2 Assume that G 1D 1 °1(X), and let ((0 n ,fi n ),n G IN) be 
a localizing sequence of <p. A neccessary and sufficient condition for <f> G 
ID Pi i(X) and for V(f> = V loc (p almost surely, is 

\imC p>1 (n c n ) = 0. (7.4.4) 

Proof: The neccessity is trivial since, from Lemma 17.2.21 To prove the 
sufficiency we can assume without loss of generality that 4> is bounded. In 
fact, if the theorem is proved for the bounded functions, then to prove the 
general case, we can replace (p by 

<t>H={l + \U\\xj V, 
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which converges in JD p i(X) as k — > oo due to the closedness of the Sobolev 
derivative. Hence we shall assume that <ft is bounded. Let e > be arbitrary, 
since C Pi i(f2^) — > 0, by Lemma l7.2.2[ there exists some F n G E) p i such that 
F n > 1 on quasi-everywhere and ||-F n || P) i < C Pi i(f2^) + e2~ n , for any 
n G M. Evidently, the sequence (F n ,n G IN) converges to zero in ID pl . Let 
/ : E -> [0, 1] be a smooth function such that /(t) = for \t\ > 3/4 and 
f(t) = 1 for |t| < 1/2. Define A n = f o F n , then i„ = on fi£ quasi- 
everywhere and the sequence (A n , n G IN) converges to the constant 1 in 
ro P) i. As a consequence of this observation 4> A n = (fi n A n almost surely and 
by the dominated convergence theorem, (<p n A n ,n G IN) converges to 4> in 
L p (fi,X). Moreover 



in L p (fi,X <S> H) since (A n ,n G IN) and 4> are bounded. Consequently 
V(4> n A n ) — > V loc 4> in X®H), since V is a closed operator on L p (/i, X) 
the convergence takes place also in ID Pi i(X) and the proof is completed. □ 

We have also a similar result for the divergence operator: 

Theorem 7.4.3 Let £ be in 1D l °1(H) with a localizing sequence ((£ n; ^n) ; n G 
IN) sttc/i t/iat £ G L p (/j,,H) and 5 loc ^ G L p (fi). Assume moreover 



where q = p/(p — 1). T/ien £ G Dom p (o~) and <5 Zoc £ = <5£ almost surely. 

Proof: Due to the hypothesis (17.4.51) . we can construct a sequence (A n ,n G 
IN) as in the proof of Theorem 17.4. 2\ which is bounded in L°°(/i), converging 
to the constant function 1 in ID^i such that A n = on VL c n . Let 7 G ID be 
bounded, with a bounded Sobolev derivative. We have 



V(0 n A„) 



limQi(^) = 0, 



(7.4.5) 



E A n (5 lo X)l 



E [A n 5£ n 7] 

£ L4 n (£ n , V 7 )h] + E [{VA n , £ n ) Hl ] 
E[A n (Z,V 1 ) H ]+ E[(VA n ,Z) H <y] 

->£[(£,v 7 )jr] . 



Moreover, from the dominated convergence theorem we have 



\imE[A n {5 lo X)l] = E[{5 lo X)l]i 
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S3 



hence 



E 



Since the set of functionals 7 with the above prescribed properties is dense 



in IDgi, the proof is completed. 



□ 



7.5 Distributions associated to T(A) 

It is sometimes useful to have a scale of distribution spaces which are defined 
with a more "elliptic" operator than the Ornstein-Uhlenbeck semigroup. In 
this way objects which are more singular than Meyer distributions can be 
interpreted as the elements of the dual space. This is important essentially 
for the constructive Quantum field theory, cf. [77J. We begin with an abtract 
Wiener space (W,H,a). Let A be a self-adjoint operator on H, we suppose 
that its spectrum lies in (1, 00), hence A' 1 is bounded and < 1. Let 

= flDom(A n ) , 

n 

hence Hoo is dense in H and a h-> (A a h, h)u is increasing. Denote by H a 
the completion of with respect to the norm \h\ 2 a = (A a h,h); a G IR. 
Evidently H' a = H_ a (isomorphism). If if : W — > IR is a nice Wiener 
functional with ip = J2^=o IniPn), define the second quantization of A 

00 

T{A)y = E[<p] + £ J n (A®> n ) . 

71=1 

Definition 7.5.1 Forp > 1, k G Z, a e IR, we define ID^ k as the completion 
of polynomials based on H^, with respect to the norm: 

|MU«= \\(I + £) k/2 T(A a / 2 )<p\\ LP(ph 

where <f(w) = p(Shi, . . . ,Sh n ), p is a polynomial on JR n and hi G ifoo . If 
E is a separable Hilbert space, ID° fe (H) is defined similarly except that if is 
taken as an E-valued polynomial. 

Remark 7.5.2 If f = exp(5h — ||/i| 2 ) then we have 

V{A)f = exp {S(Ah) - \\Ah\ 2 ) . 
Remark 7.5.3 D" fc is decreasing with respect to a,p and k. 
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Theorem 7.5.4 Let (W a ,H a , /i a ) be the abstract Wiener space correspond- 
ing to the Cameron- Martin space H a . Let us denote by the Sobolev 
space on W a defined by 



MIid(«) 



p,k 



{i + £) k/ M LP 



Then D { p a) k and D£ fe are isomorphic. 

Remark: This isomorphism is not algebraic, i.e., it does not commute with 
the point-wise multiplication. 
Proof: We have 

E[e^ Aa/2 ^} = exp \\A a / 2 h\ 2 = exp M 

2 



which is the characteristic function of ji a on W a . 



□ 



Theorem 7.5.5 1. For p > 2, a E IR ; k E Z, there exists some (3 > f 
such that 



consequently 



mid-, < y\u 2k 



n v a 2 , k = n ^ 

a,k ct,p,k 



2. Moreover, for some (3 > a we have 



hence we have also 



\<P\\r>Z k < \w\W 20 , 



& a,p,k 



Proof: 1) We have 

IMk, fc = \\T,( l +^ k/2l n((A a/2 r n Vn)\\L P 
n 

= I 53(1 + n) k ' 2 e nt e- nt I n ((A a ' 2 f n Vn ) 

From the hypercontractivity of Pt, we can choose t such that p = e 2t + 1 then 
II + . .) < II 53(1 + n) fe /V%(. . 



LP 
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Choose j3 > such that \\A ^|| < e hence 
|£(l + n) fc /V%(...)| 2 
< I 5^(1 + n) k / 2 r(AP)r(A-P)e nt I n ((A a / 2 r n Vn)\\ 2 

= 1 1 1 1^2/3+* . 

2) If we choose ||^4 _/3 || < e~* then the difference suffices to absorb the action 
of the multiplicator (f + n) k l 2 which is of polynomial growth and the former 
gives an exponential decrease. □ 



Corollary 7.5.6 We have similar relations for any separable Hilbert space 
valued junctionals. 

Proof: This statement follows easily from the Khintchine inequality. □ 
As another corollary we have 

Corollary 7.5.7 Let us denote by ^(Hoo) the space f) a $(H a ). Then 

1. V : $ — > $(-ffoo) and 5 : $(ifoo) — > $ are linear continuous operators. 
Consequently V and S have continuous extensions as linear operators 
V : $' ->• $'(#-oc) and 5 : $'(#-°o) ->• 

2. $ is an algebra. 

3. For any Te $', there exists some ( G ^'(H^^) such that 

T=(T,1) + S(. 

Proof: The first claim follows from Theorems 17.5.41 and 17.5.51 To prove the 
second one it is sufficient to show that if 2 G $ if (p G $. This follows from the 
multiplication formula of the multiple Wiener integrals, (cf. Lemma [8.1.11) . 
To prove the last one let us observe that if T G then there exists some 
a > such that T G ID^q, i-e., T under the isomorphism of Theorem 17.5.41 
is in L 2 (u. a ,W a ) on which we have Ito representation (cf. Appendix to the 
Chapter IV). □ 



Proposition 7.5.8 Suppose that A 1 is p-nuclear, i.e., there exists some 
p > 1 such that A~ p is nuclear. Then $ is a nuclear Frechet space. 

Proof: This goes as in the classical white noise case, except that the eigenvec- 
tors of T(A _1 ) are of the form H$(5h ai , . . . , 5h n ) with h a . are the eigenvectors 
of A. □ 
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7.6 Applications to positive distributions 

Let T 6 $' be a positive distribution. Then, from the construction of the dis- 
tribution spaces, there exists some ID~" fc such that T G ID~" fe and (T, </?) > 

for any ip G ID" )fc , y? > 0. Hence i a (T) is a positive functional on which 
is the Sobolev space on W a . Therefore i a {T) is a Radon measure on W~ a 
and we find in fact that the support of T is W~ a which is much smaller than 
H-oo. Let us give an example of such a positive distribution: 



Proposition 7.6.1 Assume that u G L 2 (u.,H) such that 

1 



E 



\H\ 



< oo . 



=o vn! 

Then the mapping defined by 

(j) ->■ E[(()(w + u(w))} =< L u , > 
is a positive distribution and it can be expressed as 

OO J 



(7.6.6) 



ra=0 



Moreover this sum is weakly uniformly convergent in TD 2 ,o> f or an V a > 
such that \\A~ 



-1 112a 



< 



Proof: It follows trivially from the Taylor formula and from the definition 
of 8 n as the adjoint of V™ with respect to //, that 



< L u ,(f) >= J2 —< E 



n=0 



for any cylindrical, analytic function 0. To complete the proof it suffices 
to show that — X L u , > extends continuously to $. If has the chaos 
decomposition 



= E J fc(0fc) , 
fc=0 



with fc G i^ fc , then 



E 



-«* (*0 2 



< 

k>n 



(k-n) 



||0fc||#°fc 

||0fc||ffofe , 



r (A) -Distributions 



87 



where c a is an upper bound for the norm of A a l 2 . Hence we the following 
a priori bound: 

OO 1 

l<£ M ,0>l < £-|< v>,^ n >| 



£ £^ B|I * |1/2 (£^S II ^ II »^ 1/2 



1/2 

n=0 VI! \fc>n 

Choose now a such that c~ a < 1/2, then the sum inside the square root is 
dominated by 

oo 
fc=0 

Hence the sum is absolutely convergent provided that u satisfies the condition 
(HMD. □ 



7.7 Exercises 

1. Let K be a closed vector subspace of and denote by P the orthogonal projection 
associated to it. Denote by Fk the sigma algebra generated by {5k, k £ K}. Prove 
that 

T(P)f = E[f\J- k] , 

for any / G L 2 {p). 

2. Assume that M and N are two closed vector subspaces of the Cameron-Martin space 
H, denote by P and Q respectively the corresponding orthogonal projections. For 
any f,g € L 2 (/j,) prove the following inequality: 

\E [(/ - E[f])(g - E[g})}\ < \\PQ\\ \\f\\ La{ll) \\g\\ L , w , 

where ||PQ|| is the operator norm of PQ. 

3. Prove that F(e~*/f/) = P t , t > 0, where Pt denotes the Ornstein-Uhlenbeck semi- 
group. 

4. Let B is a bounded operator on H, define dT(B) as 

dT(B)f=^-T(e tB )f\ t=0 . 

Prove that 

dT(B)f = 5{BVf} 

and that 

dT(B)(fg)=fdT(B)g + gdT(B)f, 
(i.e., dT(B) is a derivation) for any /, g € ID whenever B is skew-symmetric. 
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Notes and suggested reading 

The fact that a positive Meyer distribution defines a Radon measure on the Wiener space 
has been indicated for the first time in [3] . The notion of the capacity in an abstract frame 
has been studied by several people, cf. in particular [12] . [55] and the references there. 
Application to the local times is original, the capacity version of — 1-law is taken from 
[52) . Proposition 17.6 . II is taken from [46], for the more general distribution spaces we refer 
the reader to [55] 05] E3] and to the references there. 



Chapter 8 

Characterization of 
independence of some Wiener 
functionals 



Introduction 

In probability theory, probably the most important concept is the indepen- 
dence since it is the basic property which differentiates the probability theory 
from the abstract measure theory or from the functional analysis. Besides 
it is almost always difficult to verify the independence of random variables. 
In fact, even in the elementary probability, the tests required to verify the 
independence of three or more random variables get very quickly quite cum- 
bersome. Hence it is very tempting to try to characterize the independence 
of random variables via the local operators as V or 5 that we have studied 
in the preceding chapters. 

Let us begin with two random variables: let F,G G ID P 1 for some p > 1. 
They are independent if and only if 

E[e iaF e ll3G ] = E[e iaF ]E[e^ G ] 

for any a, (3 G H, which is equivalent to 

E[a{F)b{G)\ = E[a(F)]E[b(G)] 

for any a, b G Cf,(lR). 

Let us denote by a(F) = a(F) — E[a(F)], then we have: 
F and G are independent if and only if 

E[a(F) ■ 6(G)] = , Va,6GG 6 (lR). 
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Since e tax can be approximated point-wise with smooth functions, we can 
suppose as well that a, b e C^(IR) (or G£°(IR)). Since £ is invertible on the 
centered random variables, we have 

E[a{F)b{G)} = E[CC- l a{F) • 6(G)] 
= £[5V£ _1 a(F) • 6(G)] 

= S[(V£- 1 a(F),V(6(G))) H ] 

= E[((I + £)- 1 Va(F),V(6(G)))] 

= E[((/ + £)- 1 (a'(F)VF),6'(G)VG) // ] 

= £[6'(G) • ((/ + C)-\a'(F)VF), VG) H ] 

= E[b'(G) ■ E[((I + £)- V(F)VF, VG)^k(G)]] . 

In particular choosing a = e iax , we find that 

Proposition 8.0.1 F and G (in lD p l ) are independent if and only if 



E 



((I + C)- 1 (e^VF),VG) H a(G) 



a.s. 



8.1 The case of multiple Wiener integrals 

Proposition 18.0.11 is not very useful, because of the non-localness property 
of the operator £ _1 . Let us however look at the case of multiple Wiener 
integrals: 

First recall the following multiplication formula of the multiple Wiener 
integrals: 

Lemma 8.1.1 Let f e L 2 ([0, l] p ), g G L 2 ([0, l] q ). Then we have 

pAq p> g> 

W) hid) = —U vT7 uV?-2m(/ ®m g) , 

m\{p — m)\(q — my. 

where f® m 9 denotes the contraction of order m of the tensor f ®g, i.e., the 
partial scalar product of f and g in L 2 ([0, l] m ). 

By the help of this lemma we will prove: 
Theorem 8.1.2 I p (f) and I q (g) are independent if and only if 

/®i£ = a.s. on [0, l] p+ ^ 2 . 
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Proof: (=>•) : By independence, we have 

E[Ip 2 q ]=p\\\f\\ 2 q\\\g\\ 2 = P \q\\\f®g\\ 2 . 
On the other hand 

pAq 


hence 

£[(W)^(<?)) 2 ] 

= ^(m!C p m C7) 2 (p + g-2m)!||/^|| 2 
o 

> (p + g)! || /<§)<? | | 2 (dropping the terms with m > 1) . 
We have, by definition: 



where S^+g denotes the group of permutations of order p + q and 

^<t,7t = / f(t<r(l), ■ ■ ■ ^a(p))g\t<7{p+l), ■ ■ ■ , ta(p+q)) ' 

J[0,l]P+« 

/(^7r(l); • • • , *7r(p))^(^7r(p+l)) • • • i t-K(p+q))dtl ■ ■ ■ dt p+q . 

Without loss of generality, we may suppose that p < q. Suppose now 
that (c(l), . . . , cr(p)) and (vr(l), . . . , ir(p)) has k > elements in common. If 
we use the block notations, then 

(t CT (i), . . .,t a (p)) = (A k ,A) 

(ta(p+l), ■ ■ ■ , t a (p+q)) = B 
(tn(l), ■ ■ ■ ,tn(p)) = (A k , C) 
(*ir(p+l)) • • • j ^7r(p+g)) = D 

where A k is the sub-block containing elements common to (t^i), . . . , t n ^) 
and (to-(i), . . • , t a (p)). Then we have 



A.,. = / f(A k , A)g(B) ■ f(A k , C)g(D)dt 1 

J[0,1]p+i 



dt 



p+q ■ 
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Note that A k U A U B = A k U C UD = {t x ,..., t p+q }, AnC = 0. Hence we 
have AU B = C U D. Since i n C = 0, we have C C B and A C D. From 
the fact that £?) and (C,D) are the partitions of the same set, we have 
D\A = B\C. Hence we can write, with the obvious notations: 



A 



0\7T 



f f(A k , A)g(C, B\C) ■ f(A k , C)g(A, D^d^ . . . dt p+q 

J\0,1]p+i 

f(A k , A)g(C, B\C)f(A k , C)g(A, B\C)dA k dAdCd(B\C) 

[0,l]P+« 

(/ ® p _ fc g)(A k , B\C)(f ® p - k g)(A k , B\C) ■ dA k d(B\C) 



[0,1] 



q-p+2k 



11/ ®p-fc fl , ||i2([0,l]9-P+2* 



where we have used the relation D\A = B\C in the second line of the above 
equalities. Note that for k = p we have A CT)7r = ||/ <g) g\\^2. Hence we have 

E[iiu)ii{9)]=p\\\f\\ 2 -<im 2 



> (p + g)! 



^ [Yl x °A k = p) + J2 x °A k p)) 



[((p + iY-) 21 ^ 

The number of with (k = p) is exactly (p!) 2 (g!) 2 , hence we have 



p-i 



pW\\ 2 \\g\\ 2 >pW.\\f®g\\ 2 + Y.c4f 



2fc ) 
k=0 



with Cfe > 0. For this relation to hold we should have 

\\f ®P-k g\\ = , fc = 0,...,p-l 
in particular for = p — 1, we have 

||/®i</|| = 0. 

(<=): From the Proposition 18.0. H we see that it is sufficient to prove 

((I + £)-V aF VF, V/ g (#)) = a.s. 
with F = I p (f), under the hypothesis / <g)i g — a.s. Let us write 



oo 



fc=0 
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then 

oo 

c «"W) Wp (/) = pEW'W(/) 



fe=0 

oo fcA(p-l) 



k=0 r=0 



Hence 



fcA(p-l) 

(J + £)-V QF VF = j9^ £ (l+p + A;-l-2r)- 1 Vm-2r(^® P /). 

fe r=0 

When we take the scalar product with VI q (g), we will have terms of the type: 

{Ip-l+k-2r(hk ®r f),I q -l(g)) H = 

oo 

= ^2 I P -i+k-2r{hk ®r f{e i ))I q - 1 (g(e i )) . 

i=l 

If we use the multiplication formula to calculate each term, we find the terms 
as 

oo „ 

/ (hk ®r f(ei))(ti, . . . ,tp +k -2r-i)g(ei)(ti, . . . ,t q _i)dt 1 dt 2 ■ ■ ■ 

i=l 

1 

(h k ® r /(0))(*i, . . .,t p+k -2r-l)g(0,tl, ■ ■ ■ , tg-^dOdt! ■ ■ ■ 

19=0 

From the hypothesis we have 

f 1 f(6,t 1 ...)g(6,s 1 ...,)d6 = a.s., 
Jo 

hence the Fubini theorem completes the proof. □ 

Remark: For a more elementary proof of the sufficiency of Theorem 18.1.21 
cf. 



Remark 8.1.3 In the proof of the necessity we have used only the fact 
that I p (f) 2 and I q {g) 2 are independent. Hence, as a byproduct we obtain 
also the fact that I p and I q are independent if and only if their squares are 
independent. 

Corollary 8.1.4 Let f and g be symmetric L 2 -kernels respectively on [0, l] p 
and [0, l] q . Let 

S f = span{/ ® p _x h:he L 2 ([0, l])^ 1 } 
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and 

S g = span{# k-ke L 2 (]0, 1] 9 " 1 )} . 
Then the following are equivalent: 

i) I p (f) and I q (g) are independent, 

ii) I p (f) 2 and I q (g) 2 are independent, 

Hi) Sf and S g are orthogonal in H, 

iv) the Gaussian- generated a-fields a{Ii(k);k G Sf} and a{Ii(l);l G S g } 
are independent. 

Proof: As it is indicated in Remark 18.1.31 the independence of I p and I q is 
equivalent to the independence of their squares. 

(i=Hii): The hypothesis implies that/ <g>i g = a.s. If a G Sf, b G S g then 
they can be written as finite linear combinations of the vectors / <8> p _i h 
and g ® q -i k respectively. Hence, it suffices to assume, by linearity, that 
a — f £8>p_i h and b = g ® g _i k. Then it follows from the Fubini theorem 

(a, b) = (/ ® p -i h, g <g) g _i k) = (f ®i g, h® k)( L 2)® P+q -2 

= 0. 

(iii^i) If (/ (8>i g, h ® jfe) = for all ft, G L 2 ([0, l]^ 1 ), jfe G L 2 ([0, l]^ 1 ), then 
/ ®i g = a.s. since finite combinations oi h® k are dense in £ 2 ([0, l] p+l?_2 ). 
Finally, the equivalence of (iii) and (iv) is obvious. □ 



Proposition 8.1.5 Suppose that I p (f) is independent of I q (g) and I p (f) is 
independent of I r (h). Then I p (f) is independent of {I q (g) , I r (h)} . 

Proof: We have / <S>i g — f ®i h — a.s. This implies the independence of 
Ip(f) and {I g (g), I r {h)} from the calculations similar to those of the proof of 
sufficiency of the theorem. □ 

In a similar way we have 

Proposition 8.1.6 Let {I Pa (f a )',ot G J} and I q/j (gp);(3 G K} be two arbi- 
trary families of multiple Wiener integrals. The two families are independent 
if and only if I Pa (f a ) is independent of ' I q Jgp) for all (a, (3) G J x K. 

Corollary 8.1.7 If I p (f) and I q (g) are independent, so are also I p (f)(w+h) 
and I q (g)(w + k) for any h,k G H. 
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Proof: Let us denote, respectively, by h and k the Lebesgue densities of h 
and k. We have then 

I p (f)(w + h) = jZ ( P ) (Ip-i(f): ti*)^ . 

Let us define f[h^} G L 2 [0, If^ by 

I P -i{f[h!»]) = {I p - i {f),h* i ). 
If / <2>i g = then it is easy to see that 

®i</[fc® J '] = 0, 

hence the corollary follows from Theorem 18.1.21 

□ 

From the corollary it follows 

Corollary 8.1.8 I p (f) and I q (g) are independent if and only if the germ 
a -fields 

a{I p (f),VI p Q '),..., w-%(f)} 

and 

a{I q (g),...,Vi- l I q (g)} 

are independent. 

Corollary 8.1.9 Let X,Y G L 2 (fi), Y = Udn)- If 

VX ®! g n = a.s. Vn , 
then X and Y are independent. 

Proof: This follows from Proposition 18.0.11 □ 

Corollary 8.1.10 In particular, if h G H , then V^ip = a.s. implies that 
ip and I\{h) = Sh are independent. 

8.2 Exercises 

1. Let/ e L 2 ([0, If) and h e L 2 ([0, 1]). Prove the product formula 

I p (f)h(h)=I p+ i(f®h)+pI p - 1 (f® 1 h). (8.2.1) 

2. Prove by induction and with the help of (|8.2.1j) . the general multiplication formula 

—77 TJT r-Jp+q-2m(j ®m flO , 

_ o m\(jp — m)l[q — my. 
where / e L 2 ([0, l] p ) and g e L 2 ([0, 1]«). 
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Notes and suggested reading 

All the results of this chapter are taken from [93 , 93], cf. also [13] for some simplification of 
the sufficiency of Theorem l8.1.2l Note that, in Theorem l8.1.2l we have used only the inde- 
pendence of I p {f) 2 and I q (g) 2 . Hence two multiple Ito- Wiener integrals are independent 
if and only if their squares are independent. 



Chapter 9 

Moment inequalities for Wiener 
functionals 



Introduction 

In several applications, as limit theorems, large deviations, degree theory of 
Wiener maps, calculation of the Radon-Nikodym densities, etc., it is impor- 
tant to control the (exponential) moments of Wiener functionals by those 
of their derivatives. In this chapter we will give two results on this subject. 
The first one concerns the tail probabilities of the Wiener functionals with 
essentially bounded Gross-Sobolev derivatives. This result is a straightfor- 
ward generalization of the celebrated Fernique's lemma which says that the 
square of the supremum of the Brownian path on any bounded interval has an 
exponential moment provided that it is multiplied with a sufficiently small, 
positive constant. The second inequality says that for a Wiener functional 
F e ID P) i, we have 



E w x E z [U(F(w) - F(z))\ <E w xE z 



u (|/!(vfh) (z) 



(9.0.1) 



where w and z represent two independent Wiener paths, E w and E z are 
the corresponding expectations, and Ii(VF(w))(z) is the first order Wiener 
integral with respect to z of VF(w) and U is any lower bounded, convex 
function on JR. Then combining these two inequalities we will obtain some 
interesting majorations. 

In the next section we show that the log-Sobolev inequality implies the ex- 
ponential integrability of the square of the Wiener functionals whose deriva- 
tives are essentially bounded. In this section we study with general measures 
which satisfy a logarithmic Sobolev inequality. 
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The next inequality is an interpolation inequality which says that the 
Sobolev norm of first order can be upper bounded by the product of the 
second order and of the zero-th order Sobolev norms. 

In the last part we study the exponential integrability of the Wiener 
functionals in the divergence form, a problem which has gained considerable 
importance due to the degree theorem on the Wiener space as it is explained 
in more detail in the notes at the end of this chapter. 

9.1 Exponential tightness 

First we will show the following result which is a consequence of the Doob 
inequality: 

Theorem 9.1.1 Letip G ]D p l for some p > 1. Suppose that Vy? G L°°(fi,H). 
Then we have 

MM>c}£2exp {-iwl5;} 

for any c > 0. 

Proof: Suppose that E[tp] = 0. Let (e*) C H be a complete, orthonormal 
basis of H. Define V n = a{5ei, . . . ,Se n } and let ip n = E[Pi/ n (p\V n ], where 
P t denotes the Ornstein-Uhlenbeck semi-group on W. Then, from Doob's 
Lemma, 

y?n = fn(5e 1 , . . .,5e n ). 

Note that, since f n G f] p k W Pt k(Si n , fJ> n ), the Sobolev embedding theorem 
implies that after a modification on a set of null Lebesgue measure, /„ can 
be chosen in C°°(IR n ). Let (B t ; t G [0, 1]) be an H™- valued Brownian motion. 
Then 

/i{|v? n |>c} = P{\f n (B l )\>c} 

< P{sup \E[f n (B 1 )\B t ]\>c} 
te[o,i] 

= P{sup \Qi- t f n (B t )\>c}, 
te[o,i] 

where P is the canonical Wiener measure on C([0, 1], H ra ) and Qt is the heat 
kernel associated to (B t ), i.e. 



Qt(x,A) = P{B t + xe A}. 



Exponential Tightness 



99 



From the Ito formula, we have 

Ql-tfn(Bt) = Qlf„(B ) + /*(£>(5l- s /n(-B s ), dB s ) . 

Jo 

By definition 

Qifn(B ) = Qif n (0) = J f n (y)-Qi{0,dy) 
= f f(y) e -l\y\ 2 d JL 

= E[E[P 1/n <p\V n { 
= E[P 1/n <p] 
= E[<p] 
= 0. 

Moreover we have DQ t f = QtDf, hence 

Qi-tf n (B t ) = f\Q^ s Df n (B s ),dB s ) = M?. 
Jo 



The Doob-Meyer process ({M n ,M n ) t ,t e IR+) of the martingale M n can be 
controlled as 



{M n ,M n ) t 



\DQ l . s f n {B s )\ 2 ds 



< [ t \\Df n \\ 2 Cb ds = t\\Vf n \\ 2 Cb 
J 

= ^||V/ n || L oo (jU?i) 

Hence from the exponential Doob inequality, we obtain 



P sup \Q 1 _ t f n (B t )\>c\<2exp 
Ue[o,i] J 



2||V^|| 2 



L°°{p,H) 



Consequently 



fj,{\<p n \ > c} < 2exp 



2||V^|| 2 



Since Lp n — > ip in probability the proof is completed. 



□ 
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Corollary 9.1.2 Under the hypothesis of the theorem, for any 

X < \2\\V(p\\ L ~ (ll ,H)] 1 , 



we have 



E 



exp X\(p\ 



< oo. 



Proof: The first part follows from the fact that, for F > a.s. 

rod 

E[F] = / P{F > t]dt. 
Jo 



□ 



Remark: In the next sections we will give more precise estimate for E[exp XF 2 

In the applications, we encounter random variables F satisfying 

\F(w + h)-F(w)\<c\h\ H , 

almost surely, for any h in the Cameron-Martin space H and a fixed con- 
stant c > 0, without any hypothesis of integrability. For example, F(w) = 
su Pte[o,i] defined on Co [0,1] is such a functional. In fact the above 

hypothesis contains the integrability and Sobolev differentiability of F. We 
begin first by proving that under the integrability hypothesis, such a func- 
tional is in the domain of V: 

Lemma 9.1.3 Suppose that F : W i— >■ 1R is a measurable random variable 
in U p> iL p (/i) ; satisfying 

\F(w + h)-F(w)\<c\h\ H , (9.1.2) 

almost surely, for any h G H , where c > is a fixed constant. Then F 
belongs to ID p> i for any p > 1. 

Remark: If in (I9.1.2p the negligeable set on which the inequality is satisfied 
is independent of h e H, then the functional F is called H-Lipschitz. 
Proof: Since, for some po > 1, F G L po , the distributional derivative of F, 
VF exists . We have VkF G ID' for any k G H. Moreover, for G ID, from 
the integration by parts formula 

E[V k F<j)} = -E[FV k cj)]+E[F8k(j>] 

= -^-\ t =oE[F(P(w + tk)] + E[F5k(j)) 



dt 
d 

dt 



t=0 E [F(w - tk) e{t8k)\ + E [FSk 0] 



lim —E 



F(w-tk) - F(w) 
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where e(Sk) denotes the Wick exponential of the Gaussian random variable 
5k, i.e., 

e(5k) = exp i^5k - t^I 2 } ■ 

Consequently, 

\E\y k F<f>]\ < c\k\ H E[\<f>\] 
< c\k\H\\(f>\\ q , 

for any q > 1, i.e., VF belongs to L p (u.,H) for any p > 1. Let now (e«;2 G 
IN) be a complete, orthonormal basis of H, denote by V n the sigma-field 
generated by 5e\, . . . ,5e n , n G IN and let n n be the orthogonal projection 
onto the the subspace of H spanned by e\, . . . , e n . Let us define 

F n = E[P 1/n F\V n ], 

where P\/ n is the Ornstein-Uhlenbeck semi-group at the instant t = 1/n. 
Then F n G r\fJD Po ,k and it is immediate, from the martingale convergence 
theorem and from the fact that 7r n tends to the identity operator of H point- 
wise, that 

VF n = Ele-^nPynVFlVn] -)• VF, 

in L p (fi,H), for any p > 1, as n tends to infinity. Since, by construction, 
(F n ; n G IN) converges also to F in L po (fi), F belongs to IDp 0j i. Hence we can 
apply the Corollary 19.1.21 

□ 



Lemma 9.1.4 Suppose that F : W t— > 1R is a measurable random variable 
satisfying 

\F(w + h)-F(w)\<c\h\ H , 

almost surely, for any h G H , where c > is a fixed constant. Then F 
belongs to ]D p l for any p > 1. 

Proof: Let F n = \F\ A n, n G IN. A simple calculation shows that 

I F n (w + h) — F n (w)\ < c|/i|jj, 

hence F n G 1D P) i for any p > 1 and |V-F n | — c almost surely from Lemma 
19.1.31 We have from the Ito-Clark formula (cf. Theorem 16.1.41) . 

F n = E[F n ] + f 1 E[D s F n \F s }dW s . 
Jo 
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From the definition of the stochastic integral, we have 



E 



E[D s F n \T s }dW, 



E 



< E 



C \E[D s F n \T s ]\ 2 ds 
Jo 

f 1 \D s F n \ 2 ds 
Jo 



E\\VF n 



< c 2 . 



Since F n converges to |F| in probability, and the stochastic integral is bounded 
in L 2 (/i), by taking the difference, we see that (E[F n ],n G IN) is a sequence 
of (degenerate) random variables bounded in the space of random variables 
under the topology of convergence in probability, denoted by L°(fi). There- 
fore sup n /i{E[F n ] > c} — )■ as c — > oo. Hence lim n i?[F n ] = is finite. 
Now we apply the dominated convergence theorem to obtain that F G L 2 (fi). 
Since the distributional derivative of F is a square integrable random vari- 
able, F G D 2i i. We can now apply the Lemma 19.1.31 which implies that 
F G Dp i for any p. 

□ 



Remark: Although we have used the classical Wiener space structure in the 
proof, the case of the Abstract Wiener space can be reduced to this case 
using the method explained in the appendix of Chapter IV. 

Corollary 9.1.5 (Fernique's Lemma) For any A < | , we have 

E[exp XWwWly] < oo, 

where \\w\\ is the norm of the Wiener path w G W. 
Proof: It suffices to remark that 



\w + h\\ — \\w\\ | < \h\ H 



for any h G H and w G W. 



□ 



9.2 Coupling inequalities 

We begin with the following elementary lemma (cf. [71]): 
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Lemma 9.2.1 Let X be a Gaussian random variable with values in 1R d . 
Then for any convex function U on IR and C 1 -function V : IR d — > IR, we 
have the following inequality: 



E[U(V(X) - V(Y))\ < E[u^-(V\X),Y)w 



where Y is an independent copy of X and E is the expectation with respect 
to the product measure. 

Proof: Let X e = X sin 9 + Y cos 9. Then 



V(X)-V(Y) = [ /] ^V(X e )d9 

J[0,ir/2] d9 

= I .XV'iXelX') 

./ 0,7.72 



JH' 



d9 



2 7[o,tt/2] 



where d9 = . Since U is convex, we have 

7T/ Z 1 



u(v(x)-v(Y))<£ /2 u(^(v'(x e ),x>))de. 

Moreover Xe and X' g are two independent Gaussian random variables with 
the same law as the one of X. Hence 



E[U(V(X)-V(Y))] < fj 2 E[U(^(V'(X),Y)) 

u(^(v>(x),r 



= E 



d9 



□ 



Now we will extend this result to the Wiener space: 



Theorem 9.2.2 Suppose that ip e E) p i ; for some p > 1 and U is a lower 
bounded, convex function (hence lower semi- continuous) on IR. We have 



E[U(<p(w) - <p(z))} < E[uQh(V<p(w))(z)) 



where E is taken with respect to /i(dw) x u,(dz) onW xW and on the classical 
Wiener space, we have 



h(V<p(w))(z) = £ -V<p(w,t)dzt. 
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Proof: Suppose first that 

<P = f{$hi{w), . . .,8h n (w)) 
with / smooth on IR n , h, L G H, (h i: hj) = 5ij. We have 

n 

Ii(Vip(w))(z) = I 1 ('£d i f(6h 1 (w),...,6h n (w))h i ) 

i=l 

n 

= '£d i f(6h 1 (w),...,6h n (w))I 1 (h i )(z) 

= (f(X),Y) U n 

where X = (5hi(w), . . . , Sh n (w)) and Y = (5h\(z), . . . , Sh n (z)). Hence the 
inequality is trivially true in this case. 

For general if, let (hi) be a complete, orthonormal basis in H, 

V„ = a{Sh 1 , . . .,5h n } 

and let 

if n = E[Pi/ n (p\V n ] , 

where Py n is the Ornstein-Uhlenbeck semi-group on W . We have then 

Ug-h(Vy n (w))(< 



E[U( Vn (w)- Vn (z))}<E 



Let 7r n be the orthogonal projection from H onto span {hi, . . . , h n }. We have 

h(Vip n (w))(z) = h(V w E w [P 1/nV \V n ])(z) 

= h(E w [e^ n P l/n 7r n V V \V n ])(z) 

= Ii(ir n E w [e-^ n P 1/n V(p\V n ])(z) 

= E z [Il(E w [e- l / n P? /n Vtp\V n \)\V n \ 

where V n is the copy of V n on the second Wiener space. Then 



E 



U^h(Vip n (w))(z) 



71 

2 

< E 



= E 
< E 
= E 



u(-h(E w [e- 1 / n P 1/n V V \V n ])(z)) 
u(^e- l / n E w [h(P 1/n V V (w))(z)\V n 



u(-e- l / n h(P 1/n V V (w))( 
u(le-^P? /n Ii(Vip(w))(z)) 
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< E[u(^e- l l n h(y V (w))(z) 
= E[u(^p[%h{Vip{w)){z)) 

< E[u(^h(Vip(w))(z))' . 

Now Fatou's lemma completes the proof. □ 

Let us give some consequences of this result: 

Theorem 9.2.3 The following Poincare inequalities are valid: 
i) E[eM<p - E[ V })} < £[exp (f\V<p\ 2 H ) ' , 

ii) E[\<p-E[<p]\]<£E[\V<p\ B ]. 
Hi) E[\ v - E[<p}n < (f) 2fe g^[|V^|f ], k E IN. 

Remark 9.2.4 Let us note that the result of (ii) can not be obtained with 
the classical methods, such as the Ito-Clark representation theorem, since the 
optional projection is not a continuous map in L 1 -setting. Moreover, using 
the Holder inequality and the Stirling formula, we deduce the following set 
of inequalities: 

\\ip-E[ v }\\ p <p -IIV^Hlp^h), 

for any p > 1 . To compare this result with those already known, let us recall 
that using first the Ito-Clark formula, then the Burkholder-Davis-Gundy 
inequality combined with the convexity inequalities for the dual projections 
and some duality techniques, we obtain, only for p > 1 the inequality 

y-E&}\\ p <Kp^\\Vv\\ 

where K is some positive constant. 



Proof: Replacing the function U of Theorem l9.2l bv the exponential function, 
we have 

E[exp((p - E[ip})} < E w x E z [exp(p(w) - (f(z))} < 



< E t 
= E 



E z 



71 



[exp-h(Vip(w))(z] 



7T 



exp — IV^I^ 



(ii) and (iii) are similar provided that we take U(x) = \x\ k , k 6 IN. 



□ 



106 



Moment Inequalities 



Theorem 9.2.5 Let <p G JD p 2 for some p > 1 and that V\V(p\n G L°°(u,,H). 
Then there exists some A > such that 

E[exp X\<p\] < oo . 

In particular, this hypothesis is satisfied if ||V 2 y?||op G L°°(fi), where || ■ ||op 
denotes the operator norm. 



Proof: From Theorem 19.2.31 (i), we know that 
E[exp\\ip - E[<p]\] < IE 



X 2 7T 2 

exp — — | \/(p\ 



Hence it is sufficient to prove that 



E 



exp X 2 \Vip\ : 



< oo 



for some A > 0. However Theorem 19.1.11 applies since V|Vy2| G L°°(fi,H). 
The last claim is obvious since |V|V^|h|h < ||VVllop almost surely. □ 



Corollary 9.2.6 Let F e JD Ptl for some p > 1 such that \VF\ H 6 L°°(jl). 
We then have 



£[expAF 2 ] < E 



1 



Att 2 
4 



VF 



exp 



XE[Ff 



Att 2 



IVFI 



(9.2.3) 



for any A > such that \\ \ ^ F\ H \\ 2 Loa ,.^j- < 1. 

Proof: Ley Y be an auxiliary, real-valued Gaussian random variable, living 
on a separate probability space (Q,U,P) with variance one and zero expec- 
tation. We have, using Theorem 19.2.31 : 



E[exp XF 2 



= E ® E P [exp V2XFY] 
< E®E P 

= E 



exp \ V2XE[F]Y + |VF| 2 F 2 



Att 2 



1 - |VF 



2 
H 



■ exp 



XE[Ff 



1 _ ^|VF| 



where E P denotes the expectation with respect to the probability P. 



□ 



Remark: In the next section we shall obtain a better estimate then the one 
given by fl9X3|) . 
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9.3 Log-Sobolev inequality and exponential 
integrability 

There is a close relationship between the probability measures satisfying the 
log-Sobolev inequality and the exponential integrability of the random vari- 
ables having essentially bounded Sobolev derivatives. We shall explain this in 
the frame of the Wiener space: let v be a probability measure on (W, B(W)) 
such that the operator V is a closable operator on L 2 (u). Assume that we 

E v [U v {f)] < KE u [\Vf\ 2 H ] 

for any cylindrical / : W ->• M, where Ti v {f 2 ) = f 2 (logf 2 - log E v [f 2 ] ) . 
Since V is a closable operator, of course this inequality extends immediately 
to the extended L 2 - domain of it. 

Lemma 9.3.1 Assume now that f is in the extended L 2 -domain of V such 
that |V/|ij- is v- essentially bounded by one. Then 

( xt 2 ) 
E u [e tf ] < exp ltE v [f\ + — \ , (9.3.4) 

for any t G IR. 

Proof: Let /„ = min(|/|,n), then it is easy to see that |V/ n |if < 
//-almost surely. Let t G IR and define g n as to be e^". Denote by 9{t) the 
function E[e t: ^ n }. Then it follows from the above inequality that 

Kt 2 

t6'(t) - 6(t) log 6{t) < —0{t) . (9.3.5) 

If we write (5{t) = ±log0(t), then \im t ^ /3(t) = E[f n ], and (19X5|) implies 
that /3'(t) < K/4, hence we have 

Kt 

(3(t)<K[fn} + — , 

therefore 

/ Kt 2 \ 
e{t)<expitE v [f n ] + —] . (9.3.6) 

It follows from the monotone convergence theorem that ^[e**] < oo, for any 
t G IR. Hence the function 6{t) = E[e^] satisfies also the inequality ( I9.3.5P 
which implies the inequality (I9.3.4p . □ 



Using now the inequality (I9.3.4P and an auxiliary Gaussian random vari- 
able as in Corollary I9.2.6[ we can show easily: 



108 



Moment Inequalities 



Proposition 9.3.2 Assume that f G L p (u) has v -essentially bounded Sobolev 
derivative and that this bound is equal to one. Then we have, for any e > 0, 

provided eK < 1 . 



9.4 An interpolation inequality 

Another useful inequality for the Wiener functionals is the following inter- 
polation inequality which helps to control the LP- norm of \7F with the help 
of the L p -norms of F and V 2 -F. 

Theorem 9.4.1 For any p > 1, there exists a constant C p , such that, for 
any F G D P 2, one has 



|VF|| p < C p 



|F|| 1/2 ||V 2 F|| 1/2 



Theorem 19.4.11 will be proven, thanks to the Meyer inequalities, if we can 
prove the following 



Theorem 9.4.2 For any p > 1, we have 
\\(I + C)^F\\ P < 



r(i/2) 



\F\\l /2 W + £)F\\l 



/2 



Proof: Denote by G the functional (I+C)F. Then we have F = (I + £) 1 G. 
Therefore it suffices to show that 



\\(I + C)-^G\\ P < 



We have 



r(i/2) 

V2 



\G\\y 2 \\{i + cy l Gf p 



/2 



(I + CY l ' 2 G = -^-f- r r 1/2 e- l P t Gdt, 

K J r i/2 Jo 



r(i/2) Jo 

where P t denotes the semi-group of Ornstein-Uhlenbeck. For any a > 0, we 
can write 

(I + C)- l ' 2 G = =^L [ f a r^e-tPtGdt + r r^e-tPtGdt 

1 (1/2) UO Ja 



1 This result has been proven as an answer to a question posed by D. W. Stroock, cf. 
also [12]. 
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Let us denote the two terms at the right hand side of the above equality, 
respectively, by I a and II a . We have 

ll(/ + £)- 1 / 2 G|| p < f ^[||/ a || p + ||// Q y. 

The first term at the right hand side can be upper bounded as 

iwip < r t- i/2 \\G\\ P dt 

Jo 



2VE\\G\\ 



p- 



Let g = (I + C)- 1 G. Then 

/ r^e-'PtGdt = / r^e-tPtil + C)(I + £)- x Gdt 

J a J a 

t -i/2 e -*p t (/ + c)gdt 
dV ' 

1 /-oo 

= -a-^e^P.g + - / r^e^Ptgdt, 

2 J a 

where the third equality follows from the integration by parts formula. There- 
fore 

\\IIa\\ P < a- l l 2 \\e- a P a g\\ p +- r 3 / 2 ^ P t g\\ P dt 

Z J a 

< a - 1 ' 2 \\g\\ p + - r^ 2 \\ g \\ p dt 

Z J a 



2a-W\\g\ 



p 



= 2a- 1 / 2 ||(/ + £)- 1 G|| p . 

Finally we have 

||(7 + C)- l ' 2 G\\ p < [a^HGIIp + a-^IK/ + C)~ X G\ 

This expression attains its minimum when we take 

W + CY X G\\ P 
\\G\\ P ' 

Combining Theorem 19.4.11 with Meyer inequalities, we have 



□ 



Corollary 9.4.3 Suppose that (F n ,n e IN) converges to zero in JD Pt f., p > 
1, k G Z, and that it is bounded in W) p ^+2- Then the convergence takes place 
also in IDp^+i. 
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9.5 Exponential integrability of the divergence 

We begin with two lemmas which are of some interest: 

Lemma 9.5.1 Let <p G L p (fi), p > 1, then, for any h G H, t > 0, we have 

V h P t <j>{x) = J—— ( 4>{e-*x + VT=F*y)6h(y)n(dy) 
yl — e~ zt Jw 

almost surely, where VhPt4> represents (VPt</>, H)h- 
Proof: From the Mehler formula (cf. 12.6.51) . we have 

d x=0 J w ^(e-\x + \h) + Vl^e^y)^dy) 

a=o 1 (e~*x + VT^ {y + j=^sh) ) Ufa) 

^ 1 (e-x + Vl^y) e (-^= 6h) {y),{dy) 

= [ tU-'x + yfT^y) J—— 5h(y)^(dy), 
Jw v ' v 1 — e~ 2t 

where e(5h) denotes exp(5h — l/2|/i|^). □ 



dX 



Lemma 9.5.2 Let £ G L p (fi,H), p > 1 and for (x, y) G W x W, t > 0, 

define 

R t (x,y) = e~ t x + (l-e- 2t ) 1/2 y 

and 

S t (x,y) = (l-e- 2t ) 1 / 2 x-e' t y. 

Then S t (x,y) and R t (x,y) are independant, identically distributed Gaussian 
random variables on (W x W, n(dx) x u.(dy)). Moreover the following identity 
holds true: 

P t 8i{x) = J— — / lMRt(x,y)MS t (x,y))u.(dy), 

where 

h(Z(Rt(x,y)))(S t (x,y)) 

denotes the first order Wiener integral of £(Rt(x,y)) with respect to the in- 
dependent path St(x,y) under the product measure fi(dx) x n{dy). 
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Proof: The first part of the lemma is a well-known property of the Gaussian 
random variables and left to the reader. In the proof of the second part, for 
the typographical facility, we shall denote in the sequel by e(t) the function 
(exp— £)/(l — exp — 2£) 1//2 . Let now <p be an element of ID, we have, via 
duality and using Lemma ID. 5. II 



<PtSt<P> 



<£,VP 4 0> 

oo 

J2<Zi,VhA<f>> 



Y,e(t)E 



£i(x)<f> (R t (x, y)) 8hi(y)fi(dy) 



where (hf,i G IN) C W* is a complete orthonormal basis of H, £j is the 
component of £ in the direction of and < .,. > represents the duality 
bracket corresponding to the dual pairs (ID, ID') or (JD(H),JD'(H)). Let us 
make the following change of variables, which preserves \i x \i : 



x i — y e x + vl — 



y i y VT 



e 2t y 



e -2t x _ e ty 



We then obtain 

<P t (6£),<f>>=e(t) f <P(x)h(Z(R t (x,y)))(S t (x,y))ii(dx)u.(dy), 

for any G ID and the lemma follows from the density of ID in all L p -spaces. 

□ 

We are now ready to prove the following 
Theorem 9.5.3 Let ft > 1/2 and suppose thatrj G JD^^iH). Then we have 
E [expSr]} < E [exp (a 1(2/ + Cfn\ 2 H ) 



for any a satisfying 



a > 



t P-l e -2t 



T(f3) Ju + VT^~- 



2t 



dt 



where C denotes the Ornstein-Uhlenbeck or the number operator on W. 
Proof: Let £ = (21 + C)^r), then the above inequality is equivalent to 



E 



exp 



< E 



expa|£|^ 
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where we have used the identity 

(I + C)^5^ = 5 ((21 + C)-^) . 

We have from the resolvent identity and from the Lemma 19.5.21 

1 



T(P) Jjr 



n+xw T(/3)y/l — e~ 



21 



t^e-'lMMx^MStix^y^fi^dt. 



Let 



and 



1 



-l e -2t 



u(dt) = ln+(t) 
Then, from the Holder inequality 



r(/3) Jn + VI - e- 2 * 
1 



dt 



t P-l e -2t 



\ T(f3) VI - e- 2 * 



dt. 



exp{(/ + £)-^} 
= E 



< 



exp\\ / Ii(£(R t (x,y)))(S t (x,y))ii(dy)v(dt) 
I jir + ivy 

exp{A /i(^(-R t (x,y)))(S't(x,y))}/x(da;)/x(d2/)i/(dt) 



r + Jw Jw 
E 



exp{f|£|| 



which completes the proof. □ 

In the applications, we need also to control the moments like E[exp HV77H2] 
(cf. |101j ). where n is an if- valued random variable and || . H2 denotes the 
Hilbert-Schmidt norm. The following result gives an answer to this question: 



Proposition 9.5.4 Suppose that (3 > 1/2 and that rj G W>2,2p{H). Then we 
have 

E[ex P \\V V \\l}<E[expc\(I + jrfrj\ 2 H l 

for any 

1 



c > c 



r(/3) M + 

In particular, for (3 = 1 we have c > 1/4. 
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Proof: Setting £ = (/ + C)^T], it is sufficient to show that 



E 



exp||V(/ + £)~^ 



/Vll 2 



< E 



expc|£|^ 



Let (Ei, i e IN) be a complete, orthonormal basis of H £g> H which is the 
completion of the tensor product of H with itself under the Hilbert-Schmidt 
topology. Then 

l|Vr/||^ = E^(Vr/,^) 2 , 



where (., .) 2 is the scalar product in H ® H and Ki = (Vr), Ei) 2 - Let 9{t) be 
the function 

1 ffi-l -2tM _ -2t\-l/2 

and let 70 = 9(t)dt. From Lemmas 19.5.11 and 19.5.21 we have 



\\V V (x) 



||V(/ + £)-^(x)||i 



Y,Ki(x) I 9(t) I (I 1 (E i )(y),aRt(x,y))) H ^dy)dt 

J IR+ J W 



< 



n+xw 
9{t) 

IR+ 



9{t) (I 1 (Vr ] (x))(y),Z(R t (x,y))) H u,(dy)dt 



w 



\h(V V (x))(y)\^(dy)) 



s 1/2 



W 



\aRt(x,y))\ 2 H Kdy) 



1/2 



dt 



IR+ 



9(t)\\Vv(x)h(m\ 2 H )) 1/2 dt, 



where Ii(Vn(x))(y) denotes the first order Wiener integral of Vn(x) with 
respect to the independent path (or variable) y. Consequently we have the 
following inequality: 



|Vr/|| 2 < J 0{t) (m\ 2 H )) 1/2 dt. 



Therefore 



£[exp||V77|| 



< E 

< E 

< E 
= E 



expl/ 7o^(l^)^4 
[Jn+ 7o J 

^exp{ 7o 2 P,(|^)}^ 

TR+ 7o L J 

9{t) 



K+ 70 
ex P7ol£ltf 



exp {ll\i\ 2 H }dt 
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□ 



As an example of application of these results let us give the following theorem 
of the degree theory of the Wiener maps (cf. |101j ): 

Corollary 9.5.5 Suppose that r\ G JD 2t 2i3(H), [3 > 1/2, satisfies 

2 



E 



exp a 



(21 + Eft) 



H 



< oo, 



for some a > 0. Then for any A < and h G H , we have 



E 



J(Sh+\(h,r]) H )^ 



where A is defined by 



exp--|/i&, 



A 2 



A = det 2 (I# + AVr?) exp j-A<5/i - y Mh j • 

In particular, if we deal with the classical Wiener space, the path defined by 

T x (w) = w + \r)(w), 

is a Brownian motion under the new probability measure E[A\a(T\)]du., where 
cr(Tx) denotes the sigma field generated by the mapping 7\. 

Proof: This result follows from the degree theorem for Wiener maps (cf. 
Pj). In fact from the Theorem 3.2 of [M] (cf. also [M]), it follows that 
E[A] = 1. On the other hand, from the Theorem 3.1 of the same reference, 
we have 

E[F o T A A] = E[F)E[A). 
Hence the proof follows. □ 



Notes and suggested reading 

The results about the exponential tightness go back till to the celebrated Lemma of X. 
Fernique about the exponential integrability of the square of semi-norms (cf. |49] ) . It is 
also proven by B. Maurey in the finite dimensional case for the Lipschitz continuous maps 
with the same method that we have used here (cf. [71]). A similar result in the abstract 
Wiener space case has been given by S. Kusuoka under the hypothesis of iJ-continuity, 
i.e., h — > 4>(w + h) is continuous for any w £ W . We have proven the actual result without 
this latter hypothesis. However, it has been proven later that the essential boundedness of 
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the Sobolev derivative implies the existence of a version which is ii-continuous by Enchev 
and Stroock (cf. [23]). Later it has been discovered that the exponential integrability is 
implied by the logarithmic Sobolev inequality (cf. [5]). The derivation of the inequality 
(|9.3.6|i is attributed to Herbst (cf. [53]). 

In any case the exponential integrability of the square of the Wiener functionals has 
found one of its most important applications in the analysis of non-linear Gaussian func- 
tionals. In fact in the proof of the Ramer theorem and its extensions this property plays 
an important role (cf. Chapter X, [97], [SH] an d [1U1] ) . Corollary 19.5.51 uses some results 
about the degree theory of the Wiener maps which are explained below: 

Theorem 9.5.6 Assume that 7 and r be fixed strictly positive numbers such that r > 
(1 + 7)7—1. Let u <E TD r 2{H) and assume that 

1. A u gZ 1+ t(m), 

2. A U (I H + Vu) _1 ft E i 1+7 (/i, H) for any h € H, 
where 

A u = det 2 (Is + Vu)exp^-5u-^\u\%\ . 
Then, for any F £ Cb(W), we have 

E [F(w + u(w))A u ] = E[A U ]E[F] . 
In particular, using a homotopy argument, one can show that, if 

exp{-^+i±£||V^J eL i+^ )i 

for some a > 0, e > 0, then £[A„] = 1. We refer the reader to |101j for further information 
about this topic. 
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Chapter 10 

Introduction to the Theorem of 
Ramer 

Introduction 



The Girsanov theorem tells us that if u : W i-> H is a Wiener functional 

du 
dt 

- 1 l r 1 



such that % = «(*) is an adapted process such that 



exp{— / 7i(s)dW a / \u(s)\ 2 ds 

I Jo 2 Jo 



then under the new probability Ld/x, where 

•i 1 r 1 



exp^-J u{s)dW s --J \ii(s)\ 2 ds^ 



w w+u(w) is a Brownian motion. The theorem of Ramer studies the same 
problem without hypothesis of adaptedness of the process it. This problem 
has been initiated by Cameron and Martin. Their work has been extended by 
Gross and others. It was Ramer [71] who gave a main impulse to the problem 
by realizing that the ordinary determinant can be replaced by the modified 
Carleman-Fredholm determinant via defining a Gaussian divergence instead 
of the ordinary Lebesgue divergence. The problem has been further studied 
by Kusuoka [SI] and the final solution in the case of (locally) differentiable 
shifts in the Cameron-Martin space direction has been given by Ustiinel and 
Zakai [97]. In this chapter we will give a partial ( however indispensable for 
the proof of the general ) result. 

To understand the problem, let us consider first the finite dimensional 
case: let W = JR n and let /i n be the standard Gauss measure on JR n . If 
u : IR n i — y H n is a differentiable mapping such that / + u is a diffeomorphism 
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of IR n , then the theorem of Jacobi tells us that, for any smooth function F 
on IR n , we have 

Fix + u(x)) \ det(J + du(x)) \ exp (— < u(x), x > — \u\ 2 \ Hn(dx) 

I 2 J 

F(x)fx n (dx), 

/E" 

where 9m denotes the derivative of u. The natural idea now is to pass to the 
infinite dimension. For this, note that, if we define det 2 (7 + du) by 

det 2 (/ + du{x)) = det(I + du(x)) e~ tl&ce[9u{x)] 
= Y[(l + Aj) exp-Aj, 

i 

where (Aj) are the eigenvalues of du(x) counted with respect to their multi- 
plicity, then the density of the left hand side can be written as 

A = |det 2 (J + du(x))\ exp j— < u(x),x > +trace du(x) — — | | 2 

and let us remark that 

< u(x),x > — trace du(x) = 5u(x), 

where 5 is the adjoint of the d with respect to the Gaussian measure fi n . 
Hence, we can express the density A as 

A = |det 2 (I + du(x))\exp!^-5u(x) - M|U!| . 

As remarked first by Ramer, cf. [74J, this expression has two advantages: 
first det 2 (/ + du), called Carleman-Fredholm determinant, can be defined 
for the mappings u such that du(x) is with values in the space of Hilbert- 
Schmidt operators rather than nuclear operators (the latter is a smaller class 
than the former), secondly, as we have already seen, Su is well-defined for a 
large class of mappings meanwhile < u(x),x > is a highly singular object in 
the Wiener space. 



10.1 Ramer's Theorem 



After these preliminaries, we can announce, using our standard notations, 
the main result of this chapter: 
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Theorem 10.1.1 Suppose that u : W >-)■ H is a measurable map belonging 
to JD Pt i(H) for some p > 1. Assume that there are constants c and d with 
c < 1 such that for almost all w G W , 

||Vu|| < c < 1 

and 

1 1 Vit 1 1 2 < d < oo, 

where \\ ■ \\ denotes the operator norm and || • ||2 denotes the Hilbert- Schmidt 
norm for the linear operators on H . Then: 

• Almost surely w h- >■ T(w) = w + -u(u>) is bijective. The inverse of T , 
denoted by S is of the form S(w) = w + v(w), where v belongs to 
JDp i(H) for any p > 1, moreover 

c d 
lVi> II < and HVflU < 



1 — c 1 — c 

fi-almost surely. 

• For all bounded and measurable F , we have 

E[F(w)] = E[F(T(w))-\A u (w)\] 

and in particular 

E\A U \ = 1, 

A u = |det 2 (J + Vm)| exp — 5u \u\%, 

2 

and det2(/ + Vu) denotes the Carleman-Fredholm determinant of I + 
Vu. 

• T/ie measures /i, T*/i and S*/i are mutually absolutely continuous, 
where T*/i (respectively S*n) denotes the image of ji under T (respec- 
tively S). We have 



dS*fi 
dT*fi 



dfi 

where A v is defined similarly. 



= \K\, 
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Remark 10.1.2 If ||Vw|| < 1 instead of ||Vw|| < c < 1, then taking u t = 
(1 — e)u we see that the hypothesis of the theorem are satisfied for u e . Hence 
using the Fatou lemma, we obtain 

E[F o T \A U \] < E[F] 

for any positive F G CbiW). Consequently, if A u ^ almost surely, then 
T* ji is absolutely continuous with respect to /i. 

The proof of Theorem 110. 1.11 will be done in several steps. As we have 
indicated above, the main idea is to pass to the limit from finite to infinite 
dimensions. The key point in this procedure will be the use of the Theorem 
1 of the preceding chapter which will imply the uniform integrability of the 
finite dimensional densities. We shall first prove the same theorem in the 
cylindrical case: 

Lemma 10.1.3 Let £ : W H- H be a shift of the following form: 

n 

£{ w ) = a i($hi, • • • , Sh n )hi, 
i=i 

with oti G C°°(IR") with bounded first derivative, hi G W* are orthonorma^ 
in H. Suppose furthermore that || V£|| < c < 1 and that || V£||2 < d as above. 
Then we have 

• Almost surely w i— > U(w) = w + £,(w) is bijective. 

• The measures \i and U*fi are mutually absolutely continuous. 

• For all bounded and measurable F , we have 

E[F{w)] = E[F{U{w)).\K^w)\] 
for all bounded and measurable F and in particular 

£[|A ? |] = 1, 

where 

A ?= |det 2 (/ + V£)|exp-5£-^|£lH- 

1 In fact hi e W* should be distinguished from its image in H, denoted by j{h). For 
notational simplicity, we denote both by hi, as long as there is no ambiguity. 
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• The inverse ofU, denoted by V is of the form V(w) = w + rj(w), where 

n 

v( w ) = o~h n )hi, 
i=i 

such that ||V?7|| < ^ and \\Vt}\\ 2 < ^~ c - 

Proof: Note first that due to the Corollary 19.1.21 of the Chapter VIII, 
E[exp A|£| 2 ] < 00 for any A < We shall construct the inverse of U 
by imitating the fixed point techniques: let 

rj Q (w) = 
r) n+1 (w) = -£(w + r) n (w)). 

We have 

\Vn+i{w) - r] n (w)\ H < c\r] n (w) - r] n ^ 1 {w)\ H 
< c n Uw)\ H . 

Therefore r](w) = lim^oo r) n (w) exists and it is bounded by j^\C(w)\h- By 
the triangle inequality 

\r} n+ i(w + h) -r} n+1 (w)\ H < \£(w + h + r} n (w + h)) - £(w + r] n (w))\ H 

< c\h\ H + c\r) n (w + h) -7} n (w)\ H - 

Hence passing to the limit, we find 

\rj(w + h) - T)(w)\ H < \h\ H . 

1 — c 

We also have 

U(w+r)(w)) = w + r)(w) + £(w + rj(w)) 
= w + r)(w) — rj(w) 
= w, 

hence U o (Iw + v) — Iw, i-e., U is an onto map. If U{w) = U(w'), then 

< c |eH-eK)i^ 

which implies that U is also injective. To show the Girsanov identity, let 
us complete the sequence (hi,i < n) to a complete orthonormal basis whose 
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elements are chosen from W*. From a theorem of Ito-Nisio [32], we can 
express the Wiener path w as 



w 



^25hi(w)hi, 



i=i 



where the sum converges almost surely in the norm topology of W. Let F 
be a nice function on W, denote by fi n the image of the Wiener measure 
(j, under the map w i-> J2i< n ^hi(w)hi and by v the image of \i under w h-> 
^2i >n Shi(w)hi. Evidently \i = /j n x v. Therefore 



E\FoV\k^ = I E 



F \w + J2(xi + a i (x l . . . , x n ))hi |A 4 



i<n 



where /x^™ (dx) denotes the standard Gaussian measure on IR™ and the equal- 
ity follows from the Fubini theorem. In fact by changing the order of inte- 
grals, we reduce the problem to a finite dimensional one and then the result 
is immediate from the theorem of Jacobi as explained above. From the con- 
struction of V, it is trivial to see that 

V(w) = 5h n )hi, 

for some vector field (/3i, . . . , (3 n ) which is a C°° mapping from IR n into itself 
due to the finite dimensional inverse mapping theorem. Now it is routine to 
verify that 

V?y = -(/ + V77)*Vf oV, 



hence 



||Vt7|| 2 < ||/ + V77||||V£oV|| 2 
< (l + ||Vij||)||V£oV|| a 

c 



< d 1 + 



1-c 



l-c 

□ 

Lemma 10.1.4 With the notations and hypothesis of Lemma 1 10. 1.31 we 
have 

5£ o V = -6r) - \r)\ 2 H + trace [(Vf o V) ■ V77] , 

almost surely. 
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Proof: We have 

oo 

8£ = J2{(^ei) H 5ei - V ei (£,e,)#} 



i=i 



where the sum converges in L 2 and the result is independent of the choice 
of the orthonormal basis (e*; i G IN). Therefore we can choose as basis 
h\, . . . , h n that we have already used in Lemma I10.1.3[ completed with the 
elements of W* to form an orthonormal basis of H, denoted by (hi; i £ IN). 
Hence 

n 

5£ = £{(£,^)i*-V^£,/^} . 

i=l 

From the Lemma llU.1.3t we have £oV = —rj and since, hi are originating from 
W*, it is immediate to see that dhi o V — 5hi + (hi, t])h- Moreover, from the 
preceding lemma we know that V(£ o V) = (I + V?7)*V£ o V. Consequently, 
applying all this, we obtain 

n 

6£oV = Y,^ oV ^i)H{^i + (hi,ri) H )-(V hi ^,hi) H )oV 
1 

n 

= (£ o V, rj) H + 5(£oV) + J2 V h M ° V, hi) H - V h M, hi) H o V 

i 

n 

= -\v\ 2 H-Sv + T,^^v[h,],v v [h t ]) H 

1 

= — \r]\ 2 H — 5n + trace(V£ o V ■ Vrj), 

where V£ [h] denotes the Hilbert-Schmidt operator V£ applied to the vector 
heH. □ 

Remark 10.1.5 Since £ and rj are symmetric, we have rj o U — — £ and 
consequently 

$ V oU = -5t- + trace [(Vr/ o U) ■ Vf] . 

Corollary 10.1.6 For any cylindrical function F on W , we have 

E[F o V] = E[F\At\]. 
E[F o U] = E [F \A V \] . 

Proof: The first part follows from the identity 

E [F |A$|] = E[F oV oC/|A e |] 
= E[FoV\. 
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To see the second part, we have 



E[F o U] 



E 
E 



FoU 



|A e |oy 



oU\At\ 



\At\oV\- 



From Lemma [10. 1A\ it follows that 
1 1 



|A«|oV 



|det 2 (/ + VQoV 
1 



cxp 



|det 2 (/ + Vf) oV\ 

exp {-5r] - 1/2\t]\ 2 h + trace((V£ o V) ■ Vrj)} 



since, for general Hilbert-Schmidt maps A and B, we have 
det 2 (J + A) ■ det 2 (7 + B) = exp {trace(AB)} det 2 ((I + A) (I + B)) (10.1.1) 



and in our case we have 



(/ + V£ o V) ■ {I + Vr}) = I ■ 



□ 



Remark: In fact the equality fllO.l.ip follows from the multiplicative prop- 
erty of the ordinary determinants and from the formula (cf. [23J, page 1106, 
Lemma 22): 



det 2 (I + A) = l[(l + X t )e 



-A, 



i=l 



where (Aj, i G IN) are the eigenvalues of A counted with respect to their 
multiplicity. 



Proof of Theorem 110. l.ll Let (hi, i e IN) C W* be a complete orthonor- 
mal basis of H. For n 6 IN, let V n be the sigma algebra on W generated 
by {Sh\, • • • , Sh n }, n n be the orthogonal projection of H onto the subspace 
spanned by {hi, . . . , h n }. Define 



in = E TC n Pi/ n u\V n 



125 



where P\/ n is the Ornstein-Uhlenbeck semi-group on W with t = 1/n. Then 
£ n — > C, in D Pj i(if) for any p > 1 (cf., Lemma T9. 1.41 of Chapter IX). Moreover 
£ n has the following form: 

n 
i=l 

where a" are C°°-functions due to the finite dimensional Sobolev embedding 
theorem. We have 



hence 



V£n = E [vr n ® 7r n e- 1/n Pi /n Vw|K 



|V£„|| <e- 1/n E [P 1/n ||Vn|||K 



and the same inequality holds also with the Hilbert-Schmidt norm. Conse- 
quently, we have 

||V£„|| < c , ||V^|| 2 < d, 

/^-almost surely. Hence, each ^ n satisfies the hypothesis of Lemma P. 0.1. 31 Let 
us denote by r\ n the shift corresponding to the inverse of U n = I + £ n and let 
V n = I + rj n . Denote by A n and L n the densities corresponding, respectively, 
to £ n and T] n , i.e., with the old notations 

A n = A Cn and L n = A Vn . 

We will prove that the sequences of densities 

{A n : n G IN} and {L n : n £ IN} 

are uniformly integrable. In fact we will do this only for the first sequence 
since the proof for the second is very similar to the proof of the first case. 
To prove the uniform integrability, from the lemma of de la Valle-Poussin, it 
suffices to show 

supE [\A n \\ logA n |] < oo, 

n 

which amounts to show, from the Corollary 110.1.61 that 

supE [| logA n o V n \] < oo. 

n 

Hence we have to control 



E 



logdet 2 (7 + V£n o K)| + \5£ n ° V n \ + l/2\£ n o V n 
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From the Lemma I1U.1.4[ we have 

8£ n o V n = -6r] n - \r] n \ 2 H + trace(V£„ o V n ) ■ Vr/ n , 

hence 

E[\5£ n oV n \] < \\5r) n \\ L 2 M +E[\ Vn \ 2 ] + E[\\VZ n oV n \\ 2 \\Vr) n \\ 2 } 

/ II II II 112 „V7 ii d2 

< \\Vn\\L 2 (n,H) + \\Vn\\L 2 (n,H) + W^VnW^ipM^H) + ^ _ ~ 

. n I, I, 1,2 d(l + d) 

< \\Vn\\L 2 (^,H) + WVnWtffaH) ^ ^ _ > 

where the second inequality follows from 

||#7|U a (jt) < \\^1\\l^(^H^H) + || 7 1 Qj,,H)- 

From the Corollary 19.1.21 of Chapter IX, we have 

< oo, 



expal^l^ 



sup E 

n 

for any a < , hence 

sup£[|?? n | 2 ] < oo . 

n 

We have a well-known inequality (cf. |lUlj . Appendix), which says that 

|det 2 (J + A)\ < exph\A\\ 2 2 

for any Hilbert-Schmidt operator A on H. Applying this inequality to our 
case, we obtain 

d 2 

sup |logdet 2 (I + V£„ o V n ) \ < — 

n Z 

and this proves the uniform integrability of (A n ,n G IN). Therefore the 
sequence (A n , n G IN) converges to A u in L 1 (/i) and we have 

E[F o T |A U |] = £[F], 

for any F G Cf,(W), where T(w) = w + u(w). 

To prove the existence of the inverse transformation we begin with 

\Vn-Vm\ H < \£n°Vn- €m V n \ H + \£ m oV n - £ m oV m \ H 

< \€n V n -£, m °V n \ H + c\r} n -r} m \ H , 
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since c < 1, we obtain: 

(1 - c)\r] n - r] m \ H < \£ n o V n -£ m o V n \ H . 
Consequently, for any K > 0, 

n{\Vn ~ Vmln > K} < fJ.{\£ n oV n -Z m oV n \ H > (l-c)K} 



E 



->o, 



L n|J-{|^„_^ m |>(i_ c )A-} 

as n and m go to infinity, by the uniform integrability of (A n ; n G IN) and by 
the convergence in probability of (£„; n G IN). As the sequence (r) n ] n G IN) 
is bounded in all LP spaces, this result implies the existence of an iJ-valued 
random variable, say v which is the limit of (i] n ; n G IN) in probability. By 
uniform integrability, the convergence takes place in L p (fi,H) for any p > 1 
and since the sequence (V?7 n ; n G IN) is bounded in L°°(fi, H £g> H), also the 
convergence takes place in HD pl (if) for any p > 1. Consequently, we have 

E[F(w + v(w)) \A V \] = E[F], 

and 

E[F(w + v(w))] = E[F |A„|], 

for any F G C b (W). 

Let us show that S : W — > W, defined by S(w) = w + v(w) is the inverse 
of T : let a > be any number, then 

li{\\ToS(w)-w\\ w > a} = fi{\\ToS -U n oS\\ w > a/2} 

+ti{\\U n oS-U n oV n \\ w >a/2} 



E \\A u \l { \\ T _ Un \\ w>a/2 } 

+A* {\Zn(w + V(w)) - £ n (w + T] n (w) 
A «|!{|«-Cn|H>a/2} 



a 

\h>~ 



< E 



Vn\H > — \ ->■ 0, 



as n tends to infinity, hence //-almost surely T o S'(w) = w. Moreover 
/i {\\S o T(w) — w\\w > a} = {115* ° ^ — 5* ° f^n||w > a/2} 

+At{||-5oC/ n -KoC/ n || Ty > a/2} 
afl — c) 1 



< AM|U-£n|tf> 



2c 



|A„ 11 



T?n I - L {|«-'?n|j/>a/2} 



->o, 



by the uniform integrability of (A T/n ; n G IN), therefore //-almost surely, we 
have S o T(w) = w. □ 
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10.2 Applications 

In the sequel we shall give two applications. The first one consists of a very 
simple case of the Ramer formula which is used in Physics litterature (cf. 
[2D] for more details). The second one concerns the logarithmic Sobolev 
inequality for the measures T*[i for the shifts T studied in this chapter. 

10.2.1 Van-Vleck formula 

Lemma 10.2.1 Let K G L 2 (H) be a symmetric Hilbert-Schmidt operator 
on H such that —1 does not belong to its spectrum. Set Tk{vj) = w + 8K(w), 
then Tk '■ W —tW is almost surely invertible and 

T K \w) =w- 8[(I + Ky 1 K](w) , 

almost surely. 

Proof: By the properties of the divergence operator (cf. Lemma [10.1.41) 

T K {w-5{{I + K)- l K){w)) 
= w - 5{{I + KY 1 K){w) + 5K(w) - (5((I + K)- 1 K){w), K) H 
= w - 6 ((I + K)- x K){w) + 8K(w) - K(5((I + K)- x K){w)) 
= w + 5K(w)-(I + K)5((I + Ky 1 K)(w) 
= w, 

and this proves the lemma. 

□ 

Lemma 10.2.2 Let K be a symmetric Hilbert-Schmidt operator on H . We 
have 

\\5K\\ 2 H = 5 {2) K 2 + trace K 2 , 

where 8^ denotes the second order divergence, i.e., 8^ = (V 2 )* with respect 
to ii. 

Proof: Let {e^, % > 0} be the complete, orthonormal basis of H correspond- 
ing to the eigenfunctions of K and denote by i > 0} its eigenvalues. We 
can represent K as 

oo 

K = a i e i ® e i 

and 

oo 

K 2 = Y, oi 2 ei ® e, t . 

8=0 
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Since SK = J2i ct^^-i e i} we have 

oo 

¥K\\h = E«W 

i=0 

oo oo 

= E«^-i) + E 



i=0 

oo 



i=0 



E o%5(5ei.ei) + traced 2 



i=0 



5< 2 >tf 2 + trace if 2 . 



□ 



Theorem 10.2.3 Let K e L 2 (H) be a symmetric Hilbert- Schmidt operator 
such that (I + K) is invertible and let h\, . . . ,h n be n linearly independent 
elements of H. Denote by 5h the random vector (5h\, . . . ,8h n ). Then we 
have, for any x = (xi, . . . , x n ) G IR n 



E 



oxi) | -5 {2) Ik+^K' 
1 



Sh = x 



exp ( | trace K 2 ) det 2 (I + K) 



?o(ac) 



where qo(x) and qx(x) denote respectively the densities of the laws of the 
Gaussian vectors (Shi, ■ ■ ■ , Sh n ) and 



(5(I + K)- 1 h ll ...,5(I + K)- 1 h n 



Proof: By the Ramer formula (cf. Theorem HO.l.ip . for any nice function / 
on ]R n , we have 



E 



/(rt77)[(H. 2 (i+ K)\c:^(-5^K-\\\5Kf H 



E 



f(5h)oT^(w 



Hence 



E 



JK" 



exp 



f(x)q (x) dx 

exp f- trace K 2 ^ det2(/ + iO / f(x)qic(x)dx. 
V 2 / Jr" 



□ 
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Corollary 10.2.4 Suppose that A is a symmetric Hilbert- Schmidt operator 
whose spectrum is included in (—1/2, 1/2). Let h\, . . . ,h n be n linearly inde- 
pendent elements of H and define the symmetric, Hilbert- Schmidt operator 
K as K = (I + 2 A) 1 / 2 — I . Then the following identity holds: 



E 



exp 



{-5 {2) A) \Sh = x 



1 



q K {x) 



det 2 (/ + 2A) <?o ( 



x 



(10.2.2) 



for any x = (xi, . . . , x n ) G E™. 



Proof: Since the spectrum of A is included in (—1/2,1/2), the operator 
/ + 2A is symmetric and definite. It is easy to see that the operator K 
is Hilbert-Schmidt. We have K + K 2 /2 = A, hence the result follows by 
Theorem 110.2.31 □ 



10.2.2 Logarithmic Sobolev inequality 

Recall that the logarithmic Sobolev inequality for the Wiener measure says 

f 2 



E 



riog 



E[f 2 



(10.2.3) 



for any / G D 2i i. We can extend this inequality easily to the measures 
v = T*fi, where T = Iy/ + u satisfies the hypothesis of Theorem 110. 1.11 

Theorem 10.2.5 Assume that v is a measure given by v = T*fi, where 
T = I w +u satisfies the hypothesis of Theorem \lU.l.l\ in particular || V«|| < c 
almost surely for some c G (0, 1). Then, we have 



flog 



P 



< 2 



1 - c 



(10.2.4) 



for any cylindrical Wiener functional f, where E v [-\ represents the expecta- 
tion with respect to v. 

Proof: Let us denote by S = Iw + v the inverse of T whose existence has 
been proven in Theorem 110. 1. 1L Apply now the inequality 110.2.31 to / o T: 



E 



(/oT) 2 log 



(foT) 2 
E[{foT) 2 ] 



< 2E 

< 2E 
= 2E 



MfoT)\l 

\VfoT\ 2 H \\I H + Vu\\ 2 
\Vf oT\ 2 H \\I H + Vuo S oT\\ 2 
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= 2E U 
= 2E V 

< 2 



\Vf\l\\I H + VuoSf 

Iv/I^IK/h + v^)- 1 !! 2 

E v \\Vf\% 



and this completes the proof. □ 
We have also the following: 

Theorem 10.2.6 The operator V is closable in L p {y) for any p > 1. 

Proof: Assume that (/ n , n G IN) is a sequence of cylindrical Wiener func- 
tionals, converging in Viv) to zero, and assume also that (Vf n ,n G IN) is 
Cauchy in L p (i>, H), denote its limit by £. Then, by definition, (f n oT, n G IN) 
converges to zero in L p (/i), hence (V(/ n oT),n G IN) converges to zero in 
K) p -i(H). Moreover 

V(/ n oT) = (/ H + V«rV/ n oT, 

hence for any cylindrical rj G ID (if), we have 

\imE[(V(f n oT), V ) H } = \imE[(Vf n oT,(I H + Vu) V ) H } 

= E^oT^Ih + Vu^h] 
= 0. 

Since T is invertible, the sigma algebra generated by T is equal to the Borel 
sigma algebra of W upto the negligeable sets. Consequently, we have 

(I H + Vm)*£ o T = 

/^-almost surely. Since In + Vw is almost surely invertible, //-almost surely 
we have £ o T = and this amounts up to saying £ = //-almost surely. □ 



Notes and suggested reading 

The Ramer theorem has been proved, with some stronger hypothesis (Frechet regularity 
of u) in |74) . later some of its hypothesis have been relaxed in |51j . The version given 
here has been proved in [97]. We refer the reader to |101j for its further extensions and 
applications to the degree theory of Wiener maps (cf. [98] also). The Van-Vleck formula 
is well-known in Physics, however the general approach that we have used here as well as 
the logarithmic Sobolev inequalities with these new measures are original. 
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Chapter 11 

Convexity on Wiener space 



Introduction 



On an infinite dimensional vector space W the notion of convex or concave 
function is well-known. Assume now that this space is equipped with a 
probability measure. Suppose that there are two measurable functions on 
this vector space, say F and G such that F = G almost surely. If F is 
a convex function, then from the probabilistic point of view, we would like 
to say that G is also convex. However this is false; since in general the 
underlying probability measure is not (quasi) invariant under the translations 
by the elements of the vector space. If W contains a dense subspace H 
such that w — >■ w + h (h G H) induces a measure which is equivalent to 
the initial measure or absolutely continuous with respect to it, then we can 
define a notion of "if -convexity" or "if -concavity in the direction of if for 
the equivalence classes of real random variables. Hence these notions will be 
particularly useful for the probabilistic calculations. 

The notion of if- convexity has been used in [1U1] to study the absolute 
continuity of the image of the Wiener measure under the monotone shifts. 
In this chapter we study further properties of such functions and some ad- 
ditional ones in the frame of an abstract Wiener space, namely if-convex, 
ii-concave, log if-concave and log if-convex Wiener functions, where if de- 
notes the associated Cameron-Martin space. In particular we extend some 
finite dimensional results of [73] and [13] to this setting and prove that some 
finite dimensional convexity-concavity inequalities have their counterparts in 
infinite dimensions. 
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11.1 Preliminaries 

In the sequel (W, if, /i) denotes an abstract Wiener space, i.e., if is a separa- 
ble Hilbert space, called the Cameron-Martin space. It is identified with its 
continuous dual. W is a Banach or a Frechet space into which if is injected 
continuously and densely, /i is the standard cylindrical Gaussian measure on 
if which is concentrated in W as a Radon probability measure. 

In the sequel we shall use the notion of second quantization of bounded 
operators on if; although this is a well-known subject, we give a brief outline 
below for the reader's convenience (cf. [8], [SU], [ZZ])- Assume that A : H — > 
if is a bounded, linear operator, then it has a unique, /i- measurable (i.e., 
measurable with respect to the /i-completion of B{W)) extension, denoted 
by A, as a linear map on W (cf. [8j [30]). Assume in particular that \\A\\ < 1 
and define S = (I H - A*A) 1/2 , T = (I H - AA*) 1/2 and U : H x H ^ H x H 
as U(h, k) = (Ah + Tk, —Sh + A*k). U is then a unitary operator on if x if, 
hence its \x x /i-measurable linear extension to W x W preserves the Wiener 
measure fi x fi (this is called the rotation associated to U, cf. [101] . Chapter 
VIII). Using this observation, one can define the second quantization of A 
via the generalized Mehler formula as 

T(A)f(w) = [ f(A*w + Sy)fi(dy) , 
Jw 

which happens to be a Markovian contraction on L p (n) for any p > 1. T(A) 
can be calculated explicitly for the Wick exponentials as 

T(A) exp [5h - l/2\h\ 2 H \ = exp (SAh - l/2\Ah\ 2 H } (h e H) . 

This identity implies that T(AB) = T(A)T(B) and that for any sequence 
(A n , n G IN) of operators whose norms are bounded by one, T(A n ) converges 
strongly to T(A) if lim„ A n = A in the strong operator topology. A particular 
case of interest is when we take A = e~*f#, then r(e~*f#) equals to the 
Ornstein-Uhlenbeck semigroup P t . Also if tc is the orthogonal projection of 
if onto a closed vector subspace K, then r(7r) is the conditional expectation 
with respect to the sigma field generated by {6k, k G K}. 

11.2 //-convexity and its properties 

Let us give the notion of if -convexity on the Wiener space W: 

Definition 11.2.1 Let F : W — > IR U {oo} be a measurable function. It is 
called if -convex if for any h, k G ff , a G [0, 1] 

F{w + ah + (l- a)k) < aF(w + h) + (1 - a)F(w + k) (11.2.1) 
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almost surely. 
Remarks: 

• This definition is more general than the one given in [991 HOlj since F 
may be infinite on a set of positive measure. 

• Note that the negligeable set on which the relation (jll.2.ip fails may 
depend on the choice of h, k and of a. 

• If G : W — 7-lRU{oo}isa measurable convex function, then it is 
necessarily if -convex. 

• To conclude the if -convexity, it suffices to verify the relation (111.2. ip 
for k = —h and a = 1/2. 

The following properties of if -convex Wiener functionals have been proved 



Theorem 11.2.2 1. If(F n ,n G IN) is a sequence of H- convex functionals 
converging in probability, then the limit is also H-convex. 

2. If F G L p (fi) (p > 1) is H-convex if and only if V 2 F is positive and 
symmetric Hilbert- Schmidt operator valued distribution on W . 

3. If F G f 1 (/i) is H-convex, then P t F is also H-convex for any t > 0, 
where P t is the Ornstein- Uhlenbeck semi-group on W. 

The following result is immediate from Theorem 111.2.21 : 
Corollary 11.2.3 F G U p >iL p (/i) is H-convex if and only if 



for any h G H and ip G ID + , where (• , denotes the scalar product for the 
Hilbert- Schmidt operators on H . 

We have also 

Corollary 11.2.4 If F E L p (/j), p > 1, is H-convex and if E[V 2 F] = 0, 
then F is of the form 



in pi fPOgifTUTj : 




F = E[F} + 5(E[VF}) 
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Proof: Let (P t , t > 0) denote the Ornstein-Uhlenbeck semigroup, then P t F is 
again if-convex and Sobolev differentiable. Moreover V 2 PtF = e~ 2t PtW 2 F. 
Hence E[V 2 P t F] = 0, and the positivity of V 2 P t F implies that V 2 P t F = 
almost surely, hence V 2 -F = 0. This implies that F is in the first two Wiener 
chaos. □ 

Remark: It may be worth-while to note that the random variable which 
represents the share price of the Black and Scholes model in financial math- 
ematics is if -convex. 



We shall need also the concept of C-convex functionals: 

Definition 11.2.5 Let (ei,i G IN) C W* be any complete, orthonormal basis 
of H. For w G W, define w n = J2i=i$ e i(w) e i an d w^; = w — w n , then 
a Wiener functional f : W — > JR is called C-convex if, for any such basis 
(ei,i G IN), for almost all w^, the partial map 

w n ->■ /On + w n ) 

has a modification which is convex on the space spanjei, . . . , e n } ~ 1R™. 

Remark: It follows from Corollary 111.2.31 that . if / is H-convex and in some 
LP(jl) (p > 1), then it is C-convex. We shall prove that this is also true 
without any integrability hypothesis. 

We begin with the following lemma whose proof is obvious: 

Lemma 11.2.6 If f is C-convex then it is H -convex. 

In order to prove the validity of the converse of Lemma 111.2.61 we need some 
technical results from the harmonic analysis on finite dimensional Euclidean 
spaces that we shall state as separate lemmas: 

Lemma 11.2.7 Let B G B(JR n ) be a set of positive Lebesgue measure. Then 
B + B contains a non-empty open set. 

Proof: Let 0(x) = ls^ls(x), where "V denotes the convolution of functions 
with respect to the Lebesgue measure. Then is a non-negative, continuous 
function, hence the set O = {x G IR™ : <f>(x) > 0} is an open set. Since B 
has positive measure, can not be identically zero, hence O is non-empty. 
Besides, if x G O, then the set of y G H n such that y G B and x — y G B 
has positive Lebesgue measure, otherwise <p(x) would have been null. Con- 
sequently O C B + B. □ 



The following lemma gives a more precise statement than Lemma 111.2.71 
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Lemma 11.2.8 Let B £ i3(IR ?1 ) 6e a set of positive Lebesgue measure and 
assume that A C IR n x H n tyit/i B x B = A almost surely with respect to the 
Lebesgue measure of IR n x IR n . T/ien i/ie set {x + y : £ A} contains 

almost surely an open subset o/IR n . 

Proof: It follows from an obvious change of variables that 

l A (y, x-y) = l B (y)l B (x - y) 

almost surely, hence 



JR" 



1a(v,x- y)dy = <j){x) 



almost surely, where <p(x) = Is* Is (a;). Consequently, for almost all x £ IR n 
such that <p(x) > 0, one has (y, x — y) e A, this means that 

{x £ IR" : (f)(x) > 0} C {u + v : (u, «) £ A} 

almost surely. □ 

The following lemma is particularly important for the sequel: 

Lemma 11.2.9 Let f : ]R n — > 1R + U {oo} be a Borel function which is finite 
on a set of positive Lebesgue measure. Assume that, for any u £ JR n , 

f(x)<^[f(x + u) + f(x-u)\ (11.2.2) 

dx-almost surely (the negligeable set on which the inequality hi 1.2. 2^ fails 
may depend on u). Then there exists a non-empty, open convex subset U of 
IR" - such that f is locally essentially bounded on U . Moreover let D be the 
set consisting of x £ R n such that any neighbourhood of x £ D contains a 
Borel set of positive Lebesgue measure on which f is finite, then D C U , in 
particular f = oo almost surely on the complement of U . 

Proof: From the theorem of Fubini, the inequality f 1 1 1 . 2 . 2 [) implies that 

2f ( ?±V) < f {x ) + f {y ) (n.2.3) 



dx x dy-almost surely. Let B £ B(lR n ) be a set of positive Lebesgue measure 
on which / is bounded by some constant M > 0. Then from Lemma [11.2.71 
B + B contains an open set O. Let A be the set consisting of the elements 
of B x B for which the inequality ( II 1.2.3ft holds. Then A = B x B almost 
surely, hence from Lemma lll.2.8[ the set V = {x + y : (x, y) £ A} contains 
almost surely the open set O. Hence for almost all z £ |0, 2z belongs to 
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the set T, consequently z = ~(x + y), with (x,y) G A. This implies, from 
f lll.2.3p . that f(z) < M. Consequently / is essentially bounded on the open 
set \0. 

Let now U be set of points which have neighbourhoods on which / is 
essentially bounded. Clearly U is open and non-empty by what we have 
shown above. Let S and T be two balls of radius p, on which / is bounded 
by some M > 0. Assume that they are centered at the points a and b 
respectively. Let u = \(b — a), then for almost all x G \{S + T) , x + u G T 
and x — u G S, hence, from the inequality (111. 2. 2ft f(x) < M, which shows 
that / is essentially bounded on the set ^(S+T) and this proves the convexity 
ofU. 

To prove the last claim, let x be any element of D and let V be any 
neighbourhood of x\ without loss of generality, we may assume that V is 
convex. Then there exists a Borel set B C V of positive measure on which 
/ is bounded, hence from the first part of the proof, there exists an open 
neighbourhood O C B + B such that / is essentially bounded on |0 C 
§(V + V) C V, hence |0 C U. Consequently V PI U ^ 0, and this implies 
that x is in the closure of U, i.e. D C U. The fact that / = oo almost surely 
on the complement of U is obvious from the definition of D. □ 



Theorem 11.2.10 Let g : 1R™ — > H U {oo} be a measurable mapping such 
that, for almost all u G JR n , 

g(u + ax + f3y) < ag(u + x) + /3g(u + y) (11.2.4) 

for any a, [3 G [0,1] with a + (3 = 1 and for any x,y G IR™, where the 
negligeable set on which the relation {11.2. 4 ) fails may depend on the choice 



of x, y and of a . Then g has a modification g' which is a convex function. 

Proof: Assume first that g is positive, then with the notations of Lemma 
111.2.91 define g' = g on the open, convex set U and as g' = oo on U c . 
From the relation (jll.2.4j) . g' is a distribution on U whose second derivative 
is positive, hence it is convex on U, hence it is convex on the whole space 
H n . Moreover we have {g' ^ g} C dU and dU has zero Lebesgue measure, 
consequently g = g' almost surely. For general g, define f £ = e £9 (e > 0), 
then, from what is proven above, f £ has a modification f' e which is convex 
(with the same fixed open and convex set U) , hence lim sup e _ !>0 = g' is 
also convex and g — g' almost surely. □ 



Theorem 11.2.11 A Wiener functional F : W — > IR U {oo} is H-convex if 
and only if it is C-convex. 
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Proof: We have already proven the sufficiency. To prove the necessity, with 
the notations of Definition lll.2.5[ if-convexity implies that h — > F{w^ + 
w n + h) satisfies the hypothesis of Theorem 111.2.101 when h runs in any 
n- dimensional Euclidean subspace of H, hence the partial mapping w n — > 
F{w^ + w n ) has a modification which is convex on the vector space spanned 
by {ei, . . . ,e n }. □ 



11.3 Log //-concave and C-log concave Wiener 
functionals 

Definition 11.3.1 Let F be a measurable mapping from W into 1R + with 
H{F > 0} > 0. 

1. F is called log H-concave, if for any h, k G H , a G [0, 1], one has 

F(w + ah+(l- a)k) > F(w + h) a F(w + kf- a (11.3.5) 

almost surely, where the negligeable set on which the relation Ml. 3. 5\) 
fails may depend on h, k and on a. 

2. We shall say that F is C-log concave, if for any complete, orthonormal 
basis (ej,z G IN) C W* of H, the partial map w n — > F(w^ +w n ) is log- 
concave (cf. Definition Ml. 2.^ for the notation), up to a modification, 
on spanjei, . . . , e n } ~ IR™. 

Let us remark immediately that if F — G almost surely then G is also 
log if-concave. Moreover, any limit in probability of log if-concave random 
variables is again log iJ-concave. We shall prove below some less immediate 
properties. Let us begin with the following observation which is a direct 
consequence of Theorem 111.2.111 

Remark: F is log if -concave if and only if — log F is if-convex (which may 
be infinity with a positive probability), hence if and only if F is C-log concave. 

Theorem 11.3.2 Suppose that (Wj, Hi, Hi), i — 1,2, are two abstract Wiener 
spaces. Consider (Wi x W2,Hi x x /x 2 ) as an abstract Wiener space. 

Assume that F : W± x W2 — > IR+ is log Hi x H 2 -concave. Then the map 

W 2 ->• / F(wi,W2)dfJLi(wi) 
JWi 



is log H 2 -concave. 
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Proof: If F is log H x if -concave, so is also F A c (c G H+), hence we may 
suppose without loss of generality that F is bounded. Let (e$,i G IN) be a 
complete, orthonormal basis in if 2- It suffices to prove that 

E\ [F\ (w 2 + ah + f3l) > (E 1 [F](w 2 + h)) a {E x [F]{w 2 + l)f 

almost surely, for any h, I G spanjei, . . . , e^}, a, f3 G [0, 1] with a + (3 = 1, 
where i?i denotes the expectation with respect to u. x . Let (P n ,n G IN) be 
a sequence of orthogonal projections of finite rank on H x increasing to the 
identity map of it. Denote by /z" the image of /ii under the map W\ — > P n Wi 
and by a.™ 1 - the image of \i\ under w\ — > w x — P n wi. We have, from the 
martingale convergence theorem, 



F(wi,w 2 ) dnx{w x ) = lirn J F(wi ± + w x , w 2 ) dtf[ (w x ) 



almost surely. Let (Q n ,n G IN) be a sequence of orthogonal projections 
of finite rank on H 2 increasing to the identity, corresponding to the basis 
(e„, n G IN). Let w\ = QkW 2 and = w 2 — w^- Write 

F( Wl ,w 2 ) = F« x + <,^ + w 2 fc± ) 
From the hypothesis 

has a log concave modification on the (n + A;)-dimensional Euclidean space. 
From the theorem of Prekopa (cf. [73J), it follows that 



w 2 -»• y i^jj-.^-L <K«) 

is log concave on IR fc for any G IN (upto a modification), hence 

w 2 ^ J F(w^ x + <, w 2 ) d/i«) 

is log ^-concave for any n G IN, then the proof follows by passing to the 
limit with respect to n. □ 



Theorem 11.3.3 Let A : H — >■ H be a linear operator with ||A|| < 1, denote 
by T(A) its second quantization as explained in the preliminaries. If F : W — > 
1R_|_ is a Zog H -concave Wiener functional, then T(A)F is also log H -concave. 
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Proof: Replacing F by F A c = min(F, c), c > 0, we may suppose that F is 
bounded. It is easy to see that the mapping 

(w,y) ->■ F(j4*iu + 5j/) 

is log iif x if-concave on W x W. In fact, for any a + (3 = 1, h, k, u, v G H, 
one has 

F(A*w + Sy + a(A*h + Sk) + /3(A*u + Sv)) (11.3.6) 
> F(A*w + Sy + A*h + Sk) a F(A*w + Sy + A*u + Sv) 13 , 

d\i x d\x- almost surely. Let us recall that, since the image of fi x \i under the 
map (w, y) — > A*w + Sy is /i, the terms in the inequality (I11.3.6P are defined 
without ambiguity. Hence 

T(A)F(w) = I F(A*w + Sy)n{dy) 
Jw 

is log if-concave on W from Theorem 111.3.21 □ 



Corollary 11.3.4 Let F : W — > 1R + be a log H-concave functional. Assume 
that K is any closed vector subspace of H and denote by V(K) the sigma 
algebra generated by {5k, k e K}. Then the conditional expectation of F 
with respect to V(K), i.e., E[F\V(K)} is again log H-concave. 

Proof: The proof follows from Theorem 111.3.31 as soon as we remark that 
T(ir K )F = E[F\V(K)], where tc k denotes the orthogonal projection associ- 
ated to K. □ 



Corollary 11.3.5 Let F be log H-concave. If P t denotes the Ornstein- 
Uhlenbeck semigroup on W , then w — > PtF(w) is log H-concave. 

Proof: Since Pt = r(e~*/ff), the proof follows from Theorem II 1.3.31 □ 

Here is an important application of these results: 

Theorem 11.3.6 Assume that F : W — > IR U {oo} is an H-convex Wiener 
functional, then F has a modification F' which is a Borel measurable convex 
function on W . Any log H-concave functional G has a modification G' which 
is Borel measurable and log- concave on W . 
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Proof: Assume first that F is positive, let G = exp —F, then G is a positive, 
bounded C-log concave function. Define G n as 

G n = E[P 1/n G\V n ] , 

where V n is the sigma algebra generated by {Se^ . . . , Se n }, and (e$, i G IN) C 
is a complete orthonormal basis of H. Since Pi/ n .E[(j?|VJJ = E[Pi/ n G\V n ], 
the positivity improving property of the Ornstein-Uhlenbeck semigroup im- 
plies that G n is almost surely strictly positive (even quasi- surely). As we 
have attained the finite dimensional case, G n has a modification G' n which is 
continuous on W and, from Corollary 1 1 1 . 3 . 41 and Corollary 1 11. 3. 51 it satisfies 

G' n (w + ah + bk) > G'Jw + h) a G' n {w + k) b (11.3.7) 

almost surely, for any h,k G H and a + b = 1. The continuity of G' n implies 
that the relation (I11.3.7P holds for any h,k G H, w G W and a G [0,1]. 
Hence G' n is log-concave on W and this implies that — log G' n is convex on 
W . Define F' = limsup n (— logG^), then F' is convex and Borel measurable 
on W and F = F' almost surely. 

For general F, define f e = e eF , then from above, there exists a modifica- 
tion of f e , say f' £ which is convex and Borel measurable onW. To complete 
the proof it suffices to define F' as 

/' - 1 
F = lim sup — . 

The rest is now obvious. □ 

Under the light of Theorem lll.3.6[ the following definition is natural: 

Definition 11.3.7 A Wiener functional F : W — > IR U {oo} will be called 
almost surely convex if it has a modification F' which is convex and Borel 
measurable on W . Similarly, a non-negative functional G will be called almost 
surely log-concave if it has a modification G' which is log-concave on W . 

The following proposition summarizes the main results of this section: 

Theorem 11.3.8 Assume that F : W — > IR U {oo} is a Wiener functional 
such that 

fi{F < oo} > 0. 
Then the following are equivalent: 

1. F is H -convex, 
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2. F is C-convex, 

3. F is almost surely convex. 

Similarly, for G : W — >■ H +; > 0} > 0, £/ie following properties are 

equivalent: 

1. G is log H-concave, 

2. G is log C-concave, 

3. G is almost surely log-concave. 

The notion of a convex set can be extended as 

Definition 11.3.9 Any measurable subset A of W will be called H-convex 
if its indicator function 1a is log H-concave. 

Remark: Evidently any measurable convex subset of W is if -convex. More- 
over, if A = A' almost surely and if A is if-convex, then A' is also if -convex. 
Remark: If <fi is an if -convex Wiener functional, then the set 

{w eW : <f>(w) < t} 

is if-convex for any teE 

We have the following result about the characterization of the if-convex 
sets: 

Theorem 11.3.10 Assume that A is an H-convex set, then there exists a 
convex set A' , which is Borel measurable such that A = A' almost surely. 

Proof: Since, by definition, 1^ is a log if -concave Wiener functional, from 
Theorem lll.3.6[ there exists a log-concave Wiener functional Ja such that 
/a = 1a almost surely. It suffices to define A' as the set 

A' = {w e W : f A (w) > 1}. 

□ 

Example: Assume that A is an if-convex subset of W of positive measure. 
Define pa as 

p A {w) = inf (\h\ H : h E (A - w) n H) . 

Then pa is if-convex, hence almost surely convex (and if-Lipschitz c.f. 
|101j ). Moreover, the {w : Pa(w) < a} is an if-convex set for any a G 1R+. 
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11.4 Extensions and some applications 

Definition 11.4.1 Let (ei,i G IN) be any complete orthonormal basis of H . 
We shall denote, as before, by w n = Yh=i Sei(w) andw^ = w—w n . Assume 
now that F : W — > IR U {oo} is a measurable mapping with fi{F < oo} > 0. 

1. We say that it is a- convex (a <ElR), if the partial map 

W n ->■ ^\w n \ 2 + F(w^ + W n ) 

is almost surely convex for any n > 1, where \w n \ is the Euclidean norm 
ofw n . 

2. We call G a-log-concave if 

W n ->■ exp {-^k"| 2 | G(W^ + W n ) 

is almost surely log-concave for any n G IN. 

Remark: G is a-log-concave if and only if — log G is a-convex. 

The following theorem gives a practical method to verify a-convexity or log- 
concavity: 

Theorem 11.4.2 Let F : W — > IR U {oo} be a measurable map such that 
fi{F < oo} > 0. Define the map F a on H x W as 

F a (h,w + h) = ^\h\ 2 H + F{w + h) . 

Then F is a-convex if and only if, for any h,k G H and a, (3 G [0, 1] with 
a + f3 = 1, one has 

F a (ah + (3k,w + ah + /3k) < aF a (h,w + h) + (3 F a (k,w + k) (11.4.8) 

fi-almost surely, where the negligeable set on which the inequality \11.\.8\) 
fails may depend on the choice of h, k and of a. 

Similarly a measurable mapping G : W — > IR+ is a-log-concave if and 
only if the map defined by 

G a {h, w + h) = exp j — — G{w + h) 

satisfies the inequality 

G a (ah + /3k,w + ah + /3k) > G a {h, w + h) a G a (k, w + kf, (11.4.9) 

fi-almost surely, where the negligeable set on which the inequality {11.^.9$ 
fails may depend on the choice ofh,k and of a. 
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Proof: Let us denote by h n its projection on the vector space spanned by 
{ei,...,e n }, i.e. h n = Y,i< n (h, &i)H&i- Then, from Theorem lll.3.8[ F is 
a- convex if and only if the map 



a 



K^ 2 



\w n \ 2 + 2(w n , h n ) + \h n \ 2 +F(w + h n ) 



satisfies a convexity inequality like ( 111.4.8p . Besides the term \w n \ 2 being 
kept constant in this operation, it can be removed from the both sides of the 
inequality. Similarly, since h n — >■ (w n , h n ) is being affine, it also cancels from 
the both sides of this inequality. Hence a-convexity is equivalent to 

F a (ah n + (3k n ,w + ah n + (3k n ) < aF a (h n ,w + h n ) + (3 F a (k n ,w + k n ) 

where k n is defined as h n from a k G H. 

The second part of the theorem is obvious since G is a-log-concave if and 
only if — log G is a-convex. □ 



Corollary 11.4.3 1. Let L (/a) be the space of the fi- equivalence classes 
of 1R U {oo}-valued random variables regarded as a topological semi- 
group under addition and convergence in probability. Then F 6 L°(li) 
is (3-convex if and only if the mapping 

h^^\h\ 2 H + F(w + h) 

is a convex and continuous mapping from H into L°(li). 
2. F G L p (li), p > 1 is (3 -convex if and only if 



E 



I H + V 2 F)h,h 



H 



> 



for any G ID positive and h G H , where V 2 F is to be understood in 
the sense of the distributions ID'. 



Example: Note for instance that sindh with \h\u = 1, is a 1-convex ran- 
dom variale and that exp(sin<5/i) is 1-log-concave. 

The following result is a direct consequence of Prekopa's theorem: 

Proposition 11.4.4 LetG be ana-log concave Wiener functional, a G [0, 1], 
and assume that V is any sigma algebra generated by the elements of the first 
Wiener chaos. Then E[G\V] is again a-log-concave. 
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Proof: From Corollary 111.4.31 it suffices to prove the case V is generated by 
{5ei, . . . , 6~e k }, where (e n , n G IN) is an orthonormal basis of H. Let 

z k = w -w k 

k+n 

Zk,n = Se i( W ) e i 
i=k+l 



and let z kn = z k — z k>n . Then we have 
E[G\V] = J G{z k + w k )du.(z k ) 



1 



z k . n I 



l T J^yfi J nn + Zk > n + Wk)e 2 dZk > n 



Since 



(Zk,n,W k ) -)> exp |-^(a|Wfc| 2 + \Zn,k\ 2 )^ G ( Z k,n + z k,n + Wk) 

is almost surely log-concave, the proof follows from Prekopa's theorem (cf. 
[73]). ' □ 



The following theorem extends Theorem 111.3.31 : 



Theorem 11.4.5 Let G be an a-log-concave Wiener functional, where a G 
[0,1). Then T(A)G is a-log-concave, where A G L(H,H) (i.e. the space 
of bounded linear operators on H) with \\A\\ < 1. In particular P t G is a- 
log-concave for any t > 0, where (Pt,t > 0) denotes the Ornstein-Uhlenbeck 
semi- group on W . 

Proof: Let (e»,i G IN) be a complete, orthonormal basis of H, denote 
by 7r n the orthogonal projection from H onto the linear space spanned by 
{ei, . . . , e n } and by V n the sigma algebra generated by {5ei, . . . , Se n }. From 
Proposition 111.4^41 and from the fact that T(ii n A7r n ) — > T(A) in the strong 
operator topology as n tends to infinity, it suffices to prove the theorem when 
W = IR™. We may then assume that G is bounded and of compact support. 
Define F as 



G(x) = F(x)etW 2 

= Fix) [ e^^dfiiO. 
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From the hypothesis, F is almost surely log-concave. Then, using the nota- 
tions explained in Section 2: 

e - a ^T{A)G{x) 

F(A*x + Sy) exp {-a— + ^fa(A*x + Sy, f ) ) d/j,(y)dpi(£,) 



(2n)- n I I F{A*x + Sy) exp _^&ll±t dyd £ , 



where 

Q(x,y,0 = a\x\ 2 -2^(A*x + Sy,£) + \y\ 2 + \Z\ 2 

= \V^x-AZ\ 2 + \V^y-SZ\ 2 + {l-a)\y\ 2 , 

which is a convex function of (x, y,£). Hence the proof follows from Prekopa's 
theorem (cf. [73] )• □ 

The following proposition extends a well-known finite dimensional in- 
equality (cf. [4"T]): 

Proposition 11.4.6 Assume that f and g are H-convex Wiener junctionals 
such that f G L p (fi) and g G L q (fi) with p > 1, p^ 1 = 1 — q^ 1 . Then 

E[fg] > E[f]E[g) + {E[Vf),E[Vg} ) H . (11.4.10) 

Proof: Define the smooth and convex functions /„ and g n on W by 

P\/nf — fn 

P\/n9 = 9n ■ 

Using the fact that P t = e~ tc , where C is the number operator C = 5 o V 
and the commutation relation VPt = e~*P t V, for any < t < T, we have 

E [P T -tfn 9n] = E[P T f n g n \ + f E [£P T _ J n g n ] ds 

Jo 

= E[P T f n g n ] + f e-^E [(P T -.V f n , Vg n ) H ) ds 

J 



E[P T f n 9n) + f e-^E [(P T Vf n , Vg n ) H ] ds 

J 

+e~ 2T f f e s+T E [(p T _ r V 2 /n, VV)J drds 



> E[P T f n9n ] 

+E [{P T Vf n , Vg n ) H ] e- T (e* - 1) (11.4.11) 
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where (•, -) 2 denotes the Hilbert-Schmidt scalar product and the inequality 
(111. 4. lip follows from the convexity of /„ and g n . In fact their convexity 
implies that PtV 2 / n and V 2 g„ are positive operators, hence their Hilbert- 
Schmidt tensor product is positive. Letting T = t in the above inequality we 
have 

E[f n g n ] > E [P T f n g n ] + (1 - e~ T )E [(P T V f n ,Vg n ) H ] . (11.4.12) 

Letting T — > oo in (lll.4.12p . we obtain, by the ergodicity of (Pt,t > 0), the 
claimed inequality for and g n . It suffices then to take the limit of this 
inequality as n tends to infinity. □ 

Proposition 11.4.7 Let G be a (positive) 7 -log- concave Wiener functional 
with 7 G [0, 1]. Then the map h — > E[G(w + h)} is a log-concave mapping on 
H . In particular, if G is symmetric, i.e., if G(w) = G(—w), then 

E[G(w + h)} < E[G] . 

Proof: Without loss of generality, we may suppose that G is bounded. Using 
the usual notations, we have, for any h in any finite dimensional subspace L 
of if, 

E[G(w + h)\ = lim ^ n/2 J w G(w^ + w n + h)exp |— ^y~| dw n , 

from the hypothesis, the integrand is almost surely log-concave on W n x L, 
from Prekopa's theorem, the integral is log-concave on L, hence the limit is 
also log-concave. Since L is arbitrary, the first part of the proof follows. To 
prove the second part, let g(h) = E[G(w + h)], then, from the log-concavity 
of g and symmetry of G, we have 

E[G) = g(0) 

= g(l/2(h) + l/2(-h)) 
> g(h)^g(-h) 1/2 
= 9(h) 

= E[G(w + h)}. 

□ 

Remark: In fact, with a little bit more attention, we can see that the map 
h — > exp{|(l — 7)|/i| 2 ^}_E[G(u7 + h)] is log-concave on H. 

We have the following immediate corollary: 
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Corollary 11.4.8 Assume that A C W is an H-convex and symmetric set. 
Then we have 

H(A + h)< fji(A) , 

for any h G H . 

Proof: Since 1a is log if-concave, the proof follows from Proposition I11.4.T1 

□ 



Proposition 11.4.9 Let F G L p (fi) be a positive log H-convex function. 
Then for any u G E) gi2 (f/"), we have 



{8u-E F [8u]f >E F \u\ 2 H + 25(y u u) + trace (Vit • Vtt) 



where E F denotes the mathematical expectation with respect to the probability 
defined as 



E[F] 

Proof: Let F T be P T F, where (P T , r G IR+) denotes the Ornstein-Uhlenbeck 
semi-group. F T has a modification, denoted again by the same letter, such 
that the mapping h h-> F t (w + h) is real-analytic on H for all w G W 
(cf. [101] ) . Suppose first also that ||Vn|| 2 G L°°(n,H ® H) where || ■ || 2 
denotes the Hilbert-Schmidt norm. Then, for any r > 1, there exists some 
t r > such that, for any < t < t r , the image of the Wiener measure 
under w t— > w + tu(w) is equivalent to u. with the Radon-Nikodym density 
L t G L r (fi). Hence w !->■ F T {w + tu{w)) is a well-defined mapping on W and 
it is in some L r (u) for small t > (cf. |101j . Chapter 3 and Lemma B.8.8). 
Besides t i— > F(w + tu(w)) is log convex on 1R since F T is log i7-convex. 
Consequently 1 1-> £?[F r (iy + tM(iy))] is log convex and strictly positive. Then 
the second derivative of its logarithm at t = should be positive. This 
implies immediately the claimed inequality for Vw bounded. We then pass 
to the limit with respect to u in JD q 2 {H) and then let r — > to complete the 
proof. □ 



11.5 Poincare and logarithmic Sobolev inequal- 
ities 

The following theorem extends the Poincare- Brascamp-Lieb inequality: 
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Theorem 11.5.1 Assume that F is a Wiener functional in U p> iJD Pt 2 with 
e~ F G L 1 ^) and assume also that there exists a constant e > such that 

((I H + V 2 F)h,h) H >£\h\ 2 H (11.5.13) 

almost surely, for any h G H , i.e. F is (1 — e)-convex. Let us denote by v F 
the 'probability measure on (W, B(W)) defined by 

dv F = exp | — F — log E e~ F j d/j, . 
Then for any smooth cylindrical Wiener functional <fi, we have 

[ \<i>-E UF {<P\\ 2 dvF< I ((I H + V 2 F)- 1 V(t ) ,V ( j ) ) u du F . (11.5.14) 
JW Jw v ' H 

In particular, if F is an H-convex Wiener functional, then the condition 
1111.5. 13\) is satisfied with e = 1. 

Proof: Assume first that W = H n and that F is a smooth function on 
H n satisfying the inequality f ll 1.5. 13j) in this setting. Assume also for the 
typographical facility that _E[e -F ] = 1. For any smooth function function <p 
on IR n , we have 

/ \ (t) -E u M\ 2 dv F = -\-J e- F ^-\ x \ 2 / 2 \<t>{x)-E F [<t>fdx. 
Je" {2tt) u / 2 Ju n 

(11.5.15) 

The function G(x) = F(x) + ^\x\ 2 is a strictly convex smooth function. Hence 
Brascamp-Lieb inequality (cf. [13]) implies that: 

[\4>-E v M\ 2 dp F < j n ((Hess G(x))~ 1 V(f)(x), V<p(x)) n du F (x) 

= J un + V 2 ^)-^^, V^)^ dv F . 

To prove the general case we proceed by approximation as before: indeed 
let (ei,i G IN) be a complete, orthonormal basis of H, denote by V n the 
sigma algebra generated by {Sei, . . . , Se n }. Define F n as to be E[P 1 / n F\V n ], 
where Pu n is the Ornstein-Uhlenbeck semigroup at t — 1/n. Then from the 
martingale convergence theorem and the fact that V n is a smooth sigma al- 
gebra, the sequence (F n , n G IN) converges to F in some Dp^. Moreover F n 
satisfies the hypothesis (with a better constant in the inequality (111.5. 13[) ) 
since V 2 F n = e~ 2// " E[Q® 2 V 2 F\V^\, where Q n denotes the orthogonal pro- 
jection onto the vector space spanned by {ei,...,e n }. Besides F n can be 
represented as F n = 9(Sei, . . . ,5e n ), where 9 is a smooth function on IR n 
satisfying 

((i]R» + V 2 9(x))y, y) M n > £ \y\^ n , 
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for any x,y G ET. Let w n = Q n {w) = Y,i<n($ e i) e i, W n = P n {W) and 
= (Iw — Qn)(W) as before. Let us denote by v n the probability measure 
corresponding to F n . Let us also denote by the sigma algebra generated 
by {5ek, k > n}. Using the finite dimensional result that we have derived, 
the Fubini theorem and the inequality 2\ab\ < kcl 2 + -b 2 , for any k > 0, we 
obtain 



< (1 + k) f e- F -\cj>-E{e-^cj>\V^]\ 2 d^ 

Jw 

+ + / e-^\E[e- F ^\V^}-E u M\ 2 d^ 
\ kJ Jw 

< (i + K)E Un [{{i H + v 2 F n y 1 v<p,v<p) H 

+ (l + £) J w e- F -\E[e- F ^\V^}- E U M\^, (11.5.16) 

where F' n denotes F n — log E[e~ Fn }. Since V n and are independent sigma 
algebras, we have 

\E[e- F Wn}\ = ^^\E[e- F ^\V^\ 
< E\e~ Fn \V A 



hence, using the triangle inequality and the dominated convergence theorem, 
we realize that the last term in (111. 5. 161) converges to zero as n tends to 
infinity. Since the sequence of operator valued random variables ((/# + 
V 2 F n )~ 1 ,n G IN) is essentially bounded in the strong operator norm, we can 
pass to the limit on both sides and this gives the claimed inequality with a 
factor 1 + k, since k > is arbitrary, the proof is completed. □ 

Remark: Let T : W — > W be a shift defined as T(w) = w + u(w), where 
u \ W y H is a measurable map satisfying {u{w + h) — u(w), h)n > —e\h\ 2 . 
In [99] and in [lOlj . Chapter 6, we have studied such transformations, called 
e- monotone shifts. Here the hypothesis of Theorem 111.5.11 says that the shift 
T = I w + VF is e-monotone. 

The Sobolev regularity hypothesis can be omitted if we are after a Poincare 
inequality with another constant: 



152 



Poincare inequality 



Theorem 11.5.2 Assume that F G U p> iL p (/i) with E 
that, for some constant e > 0, 



is finite and 



E 



I H + V 2 F)h, h) H ^j 



>e\h\ 2 H E\ 



for any h G H and positive test function ip G ID, where V 2 F denotes the 
second order derivative in the sense of the distributions. Then we have 



E, 



Up 



-E, 



< -E VF [\V<P\ 2 H ] 



;n.5.i7) 



for any cylindrical Wiener functional <fi. In particular, if F is H-convex, 
then we can take e = 1. 

Proof: Let F t be defined as PtF, where Pt denotes the Ornstein-Uhlenbeck 
semigroup. Then F t satisfies the hypothesis of Theorem 111.5.11 hence we 
have 



E, 



"Ft 



-E F Mf 



Up. 



|V0| 



for any t > 0. The claim follows when we take the limits of both sides as 
t 0. □ 



Example: Let F(w) = \\w\\ + \ sin(5/i) with \h\u < 1, where || ■ || denotes 
the norm of the Banach space W . Then in general F is not in U p> ilDp i 2, 
however the Poincare inequality (111.5.171) holds with e = 1/2. 

Theorem 11.5.3 Assume that F is a Wiener functional in U p> iIDp i 2 with 
E[exp —F] < oo. Assume that there exists a constant e > such that 



((I H + V 2 F)h,h) H >e\h\ 



'11.5.18) 



almost surely, for any h G H . Let us denote by v F the probability measure 
on (W, B{W)) defined by 

dvp = exp j— F — \ogE e~ F j d/j, . 

Then for any smooth cylindrical Wiener functional <f>, we have 



E, 



^ {log* 2 -log 11*11^,,,} 



< 2 -E 



up 



;n.5.i9) 



In particular, if F is an H-convex Wiener functional, then the condition 
1111.5. 18\) is satisfied with e = 1 . 
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Proof: We shall proceed as in the proof of Theorem 111 .5.11 Assume then 
that W = !R n and that F is a smooth function satisfying the inequality 
(I11.5.18P in this frame. In this case it is immediate to see that function 



G{x) 



x 



+ F(x) satisfies the Bakry-Emery condition (cf. [9], [23 



which is known as a sufficient condition for the inequality ( |ll.5.19p . For 
the infinite dimensional case we define as in the proof of Theorem 111.5. 1\ 
F n ^v n ,V n ,V^ . Then, denoting by E n the expectation with respect to the 
probability exp{— F^}dfi, where F' n = F n — log E[e~ Fn ], we have 



E n [0 2 {log0 2 -log||0||i 2(l/F) } 
= E n [4> 2 {log 4> 2 - log Ele-^IV^]} 



+E n 
2 



{logEfe-^^l^-log^n^ 2 ]} 



< -E n 

e 



|V0| 2 



H 



+E n [<j) 2 {logE 



e-^W^-logR^ 



]} 



11.5.20) 



where we have used, as in the proof of Theorem lll.5.1[ the finite dimensional 
log-Sobolev inequality to obtain the inequality flll.5.20p . Since in the above 
inequalities everything is squared, we can assume that <ft is positive, and 
adding a constant k > 0, we can also replace <ft with K = cf) + k. Again by 
the independance of V n and V^, we can pass to the limit with respect to n 
in the inequality (111.5.20p for <fi = K to obtain 

2 



E. 



^{log0 2 -log 



>k\\Ul{v f ) 



< —E; 



Up 



|V0 K 



To complete the proof it suffices to pass to the limit as k — > 0. 



□ 



The following theorem fully extends Theorem 111.5.31 and it is useful for 
the applications: 

Theorem 11.5.4 Assume that G is a (positive) '-/-log- concave Wiener func- 
tional for some 7 £ [0,1) with E[G] < 00. Let us denote by Eg[-] the 
expectation with respect to the probability measure defined by 



dv. 



G 



G 



Then we have 



E, 



G 



E[G] 



< 



d\x . 



{log0 2 -log£ G [(; 
for any cylindrical Wiener functional 0. 
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Poincare inequality 



Proof: Since G A c, c > 0, is again 7-log-concave, we may suppose with- 
out loss of generality that G is bounded. Let now (ej,i G IN) be a com- 
plete, orthonormal basis for H, denote by V n the sigma algebra generated 
by {5ei, . . . , Se n }. Define G„ as to be E[Pi/ n G\V„\. From Proposition 111.4.41 
and Theorem 111.4.51 G n is again a 7-log-concave, strictly positive Wiener 
functional. It can be represented as 



and due to the Sobolev embedding theorem, after a modification on a set 
of zero Lebesgue measure, we can assume that g n is a smooth function on 
IR™. Since it is strictly positive, it is of the form e~* n , where /„ is a smooth, 
7-convex function. It follows then from Theorem 111.5.31 that the inequality 
fill. 5.211) holds when we replace G by G n , then the proof follows by taking 
the limits of both sides as n — > 00. □ 

Example: Assume that A is a measurable subset of W and let if be a 
measurable Wiener functional with values in IR U {00}. If G defined by 
G = IaH is 7-log-concave with 7 G [0, 1), then the hypothesis of Theorem 
111.5.41 are satisfied. 

Definition 11.5.5 Let T G ID' be a positive distribution. We say that it is 
a-log-concave if P{T is an a-log-concave Wiener functional. If a = 0, then 
we call T simply log- concave. 

Remark: From Corollary 17.1.31 to any positive distribution on W, it corre- 
sponds a positive Radon measure such that 



for any G ID, where <\> represents a quasi-continuous version of <f>. 

Example: Let (wt,t G [0,1]) be the one-dimensional Wiener process and 
denote byp T the heat kernel on IR. Then the distribution defined as Eq(wi) = 
\im T ^ p T (wi) is log-concave, where Eo denotes the Dirac measure at zero. 
The following result is a Corollary of Theorem 111.5.41 

Theorem 11.5.6 Assume that T G ID' is a positive, (3 -log- concave distribu- 
tion with f3 G [0, 1). Let 7 be the probability Radon measure defined by 



G n (w) = g n (5ei, . . .,5e n ) 




1>T 

7 = < T,l 
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Then we have 



E-, 



{log 



< 



P 
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for any smooth cylindrical function : W — > IR. 
Here is an application of this result: 

Proposition 11.5.7 Let F be a Wiener functional in ID rj 2 for some r > 1. 
Suppose that it is p-non- degenerate in the sense that 



8 
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for any e ID ; for some p > 1. Assume furthermore that, for some xq € H, 

(F-x )V 2 F + VF® VF > (11.5.24) 
almost surely. Then we have 



E 



{log0 2 - \ogE 



x 



x 



< 2E 



\V<P\ 2 H \F = x 



for any smooth cylindrical (f). 



Proof: Note that the non- degeneracy hypothesis fill .5.231) implies the exis- 
tence of a continuous density of the law of F with respect to the Lebesgue 
measure (cf. [56] and the references there). Moreover it implies also the fact 
that 

limp T (F -x Q ) = e X0 (F) , 

in ID', where e xo denotes the Dirac measure at Xq and p T is the heat kernel 
on 1R. The inequality (11 1.5. 241) implies that the distribution defined by 

' _^ pui j? i < £x (F),<f> > 
^ mF = Xo]= <e X0 (F) A > 

is log-concave, hence the conclusion follows from Theorem 111.5.61 □ 



11.6 Change of variables formula and log-Sobolev 
inequality 

In this section we shall derive a different kind of logarithmic Sobolev inequal- 
ity using the change of variables formula for the monotone shifts studied in 
[99] and in more detail in |101j . An analogous approach to derive log-Sobolev- 
type inequalities using the Girsanov theorem has been employed in |92j. 
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Theorem 11.6.1 Suppose that F e L p (fi), for some p > 1, is an a-convex 
Wiener functional, a 6 [0, 1) with E[F] = 0. Assume that 



E 



expjcllV^FlQ 



< oo . 
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for some 



c > 



2 + (1 - a) 



2(1 -a) ' 

where \\ ■ || 2 denotes the Hilbert- Schmidt norm on H <g) H and C~ 1 F 
Jjp^ P t F dt. Denote by v the probability measure defined by 



where 



dv = Adfi , 

A = det 2 (J H + V^F) exp j-F - ^\VC- l F\ 2 H \ 



and det2(//f + V 2 £ 1 F) denotes the modified Carleman-Fredholm determi- 
nant. Then we have 



E u 


/ 2 log 


p v 


< 2E U 











<2E u \\(I H + V 2 £~ 1 Fy 1 Vf\ 2 H 



and 

E u [\f - E u [f]\ 2 } < E u [\(I H + ^C-'FY^m 
for any smooth, cylindrical f . 



;il.6.26) 
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Proof: Let F n = E[Px/ n F\V n ), where V n is the sigma algebra generated 
by {dex, . . . , Se n } and let (e n ,n G IN) be a complete, orthonormal basis of 
H. Define by V 'C~ l F n , then £ n is (1 — a)-strongly monotone (cf. [99] 
or |lUlj ) and smooth. Consequently, the shift T n : W — > W, defined by 
T n {w) = w + £, n (w) is a bijection of W (cf. |101j Corollary 6.4.1), whose 
inverse is of the form S n = Iw + Vn, where rj n {w) = g n (5ei, . . . , 5e n ) such 
that g n : H n — > JR n is a smooth function. Moreover the images of /i under 
T n and S n , denoted by T*/i and S*fi respectively, are equivalent to /i and we 
have 



dfi 
dfi 



A, 



log-Sobolev 



157 



where 

A n = det 2 (Iff + V£ n )exp 

L n = det 2 (I H + Vt7„) exp 

The hypothesis f 1 1 1 . 6 . 2 5 j) implies the uniform integrability of the densities 
(A n ,ra > 1) and (L n ,n > 1) (cf. PHI EH]). For any probability P on 
(W,B(W)) and any positive, measurable function /, define %p(f) as 

Hp(f) = /(log/ - log E P [f]). (11.6.28) 

Using the logarithmic Sobolev inequality of L. Gross for /i (cf. and the 
relation 

(I H + Vr/„) o T n = (/ H + Vfn)~ 1 , 

we have 

^[AnH An ^(/ 2 )] = i?[^(/ 2 o5 n )] 

< 2E[\V(f o S n )\ 2 H ] 

= 2E[\(I H + V Vn )VfoS n \ 2 H ] 

= 2E[A n \{I H + Vi n )- l Vf\ 2 H \. (11.6.29) 

It follows by the a-convexity of F that 

almost surely for any n > 1, where || • || denotes the operator norm. Since the 
sequence (A n , n e IN) is uniformly integrable, the limit of (I11.6.29P exists in 
L 1 (p) and the proof of (II 1 .6.26[) follows. The proof of the inequality (11 1 .6.27[) 
is now trivial. □ 




Corollary 11.6.2 Assume that F satisfies the hypothesis of Theorem \ 11.6.11 
Let Z be the functional defined by 

Z = det 2 (J H + V 2 £ _1 F) exp ^|V£ _1 F|^ 

and assume that Z, Z^ 1 G L°°(jj,). Then we have 

P 



E 



e~ F f 2 \o. 



E[e~ F P} 



< 2KE 



{I H + V 2 C- l F)- l Vf 



H 
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and 
E 



f ~ E[e- F f] 



< KE 



(/ if + V i £- 1 F)- 1 V/ 



H 
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for any smooth, cylindrical f , where K 
Proof: Using the identity remarked by Holley and Stroock (cf. |40j . p. 1183) 

7 2S 



E, 



miEp 

x>0 



riog 



X 



- (f 2 - x) 



where P is an arbitrary probability measure, and H is defined by the relation 
( I11.6.28P , we see that the inequality (lll.6.30p follows from Theorem 111.6.11 
and the inequality f l 1 1 . 6 . 3 1 [) is trivial. □ 



Exercises 

1. Assume that Ai,... ,A n are almost surely convex and symmetric sets. Prove the 
following inequality: 

li (f)^ + h ^ ^ » (j) ' (11.6.32) 

for any hi, . . . , h n € H. 

2. Assume that F is a positive, symmetric, almost surely log-concave Wiener func- 
tional such that n{F > 0} > 0. Denote by \xf the probability defined by 

Prove the inequality (lll.6.32[) when /i is replaced by [ip. 

3. Let A and B be two almost surely convex sets. For a € [0,1], define the map 
(a, w) — > /(a, w) as 

f(a,w) = lc a (w) , 

where C a = aA + (1 — a)B. Prove that (a, w) — > f(a, w) is almost surely log- 
concave. Deduce from that and from Prekopa's theorem the inequality: 

MCa) > fi(A) a (1(B) 1 -" . 

4. Let F and G be two almost surely convex, symmetric Wiener functionals from ©2.2- 
Prove that 

E[(VF,VG) H ] >0. 

5. Let W be the classical Wiener space Co([0, 1], H) and let / and g be two ff-convex 
functions in L 2 (/j,). With the help of the Clark's formula, prove that 

E[E[D t f\T t ] E[D t g\F t ]] > E[D t f]E[D t g] , 

di-almost surely. 
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Notes and references 

The notion of convexity for the equivalence classes of Wiener random variables is a new 
subject. It has been studied for the first time in |31) . Even in the finite dimensional case 
it is not evident to find a result about the if-convexity. 

The log-Sobolev inequalities given here are well-known in the finite dimensional case 
except the content of the last section. The fact that log-concavity is preserved under 
the action of certain semi-groups and especially its implications concerning log-concave 
distributions seem to be novel. 
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Chapter 12 



Monge-Kantorovitch Mass 
Transportation 



12.1 Introduction 



In 1781, Gaspard Monge has published his celebrated memoire about the 
most economical way of earth-moving [M]. The configurations of excavated 
earth and remblai were modelized as two measures of equal mass, say p 
and u, that Monge had supposed absolutely continuous with respect to the 
volume measure. Later Ampere has studied an analogous question about the 
electricity current in a media with varying conductivity. In modern language 
of measure theory we can express the problem in the following terms: let 
W be a Polish space on which are given two positive measures p and u, of 
finite, equal mass. Let c(x, y) be a cost function onW^x W, which is, usually, 
assumed positive. Does there exist a map T : W — )■ W such that Tp = v 
and T minimizes the integral 



between all such maps? The problem has been further studied by Appell 
[SI U\ and by Kantorovitch (Hj. Kantarovitch has succeeded to transform 
this highly nonlinear problem of Monge into a linear problem by replacing 
the search for T with the search of a measure 7 on W x W with marginals 
p and v such that the integral 





is the minimum of all the integrals 




WxW 
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where /3 runs in the set of measures on W x W whose marginals are p and 
v. Since then the problem adressed above is called the Monge problem and 
the quest of the optimal measure is called the Monge-Kantorovitch problem. 

In this chapter we study the Monge-Kantorovitch and the Monge problem 
in the frame of an abstract Wiener space with a singular cost. In other words, 
let W be a separable Frechet space with its Borel sigma algebra B(W) and 
assume that there is a separable Hilbert space H which is injected densely 
and continuously into W, hence in general the topology of H is stronger than 
the topology induced by W. The cost function c : W x W — >■ IR+ U {00} is 
defined as 

c(x,y) = \x-y\%, 

we suppose that c(x, y) = 00 if x — y does not belong to H. Clearly, this 
choice of the function c is not arbitrary, in fact it is closely related to Ito 
Calculus, hence also to the problems originating from Physics, quantum 
chemistry, large deviations, etc. Since for all the interesting measures on 
W, the Cameron-Martin space is a negligeable set, the cost function will be 
infinity very frequently. Let S(p, v) denote the set of probability measures 
on W x W with given marginals p and v. It is a convex, compact set under 
the weak topology a(E,Cb(W x W)). As explained above, the problem of 
Monge consists of finding a measurable map T :W — >■ W, called the optimal 
transport of p to v, i.e., Tp = 43 which minimizes the cost 

U -> / \x - U(x)\ 2 H dp(x) , 
Jw 

between all the maps U : W — )■ W such that Up = v. The Monge- 
Kantorovitch problem will consist of finding a measure on W x W, which 
minimizes the function 9 — > J (6), defined by 

J(6)= I \x-y\ 2 H de(x,y), (12.1.1) 

JWxW 

where 9 runs in E(p, v). Note that inf {</(#) : 9 G S(p, u)} is the square of 
Wasserstein metric du(p, v) with respect to the Cameron-Martin space H. 

Any solution 7 of the Monge-Kantorovitch problem will give a solution 
to the Monge problem provided that its support is included in the graph 
of a map. Hence our work consists of realizing this program. Although in 
the finite dimensional case this problem is well-studied in the path-breaking 
papers of Brenier [2] and McCann [S3 ED] the things do not come up easily 
in our setting and the difficulty is due to the fact that the cost function is 
not continuous with respect to the Frechet topology of W, for instance the 



1 We denote the push- forward of p by T, i.e., the image of p under T, by Tp. 
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weak convergence of the probability measures does not imply the convergence 
of the integrals of the cost function. In other words the function \x — y\ 2 H 
takes the value plus infinity "very often". On the other hand the results we 
obtain seem to have important applications to several problems of stochastic 
analysis that we shall explain while enumerating the contents of this chapter. 

Section 112.31 is devoted to the derivation of some inequalities which con- 
trol the Wasserstein distance. In particular, with the help of the Girsanov 
theorem, we give a very simple proof of an inequality, initially discovered 
by Talagrand (|_83j); this facility gives already an idea about the efficiency 
of the infinite dimensional techniques for the Monge-Kantorovitch probleno 
We indicate some simple consequences of this inequality to control the mea- 
sures of subsets of the Wiener space with respect to second moments of 
their gauge functionals defined with the Cameron-Martin distance. These 
inequalities are quite useful in the theory of large deviations. Using a differ- 
ent representation of the target measure, namely by constructing a flow of 
diffeomorphisms of the Wiener space (cf. Chapter V of |101j ) which maps 
the Wiener measure to the target measure, we obtain also a new control of 
the Kantorovitch-Rubinstein metric of order one. The method we employ 
for this inequality generalizes directly to a more general class of measures, 
namely those for which one can define a reasonable divergence operator. 

In Section I12.4[ we solve directly the original problem of Monge when the 
first measure is the Wiener measure and the second one is given with a den- 
sity, in such a way that the Wasserstein distance between these two measures 
is finite. We prove the existence and the uniqueness of a transformation of 
W of the form T = Iy/ + V0, where is a 1-convex function in the Gaussian 
Sobolev space HD 2 ,i such that the measure 7 = (Iw x T)ji is the unique solu- 
tion of the problem of Monge-Kantorovitch. This result gives a new insight 
to the question of representing an integrable, positive random variable whose 
expectation is unity, as the Radon-Nikodym derivative of the image of the 
Wiener measure under a map which is a perturbation of identity, a problem 
which has been studied by X. Fernique and by one of us with M. Zakai (cf., 
[2S1 123 HOlj ). In |1U1] . Chapter II, it is shown that such random variables 
are dense in L\ (the lower index 1 means that the expectations are equal 
to one), here we prove that this set of random variables contains the random 
variables who are at finite Wasserstein distance from the Wiener measure. 
In fact even if this distance is infinite, we show that there is a solution to 
this problem if we enlarge W slightly by taking IN x W. 

Section 112.51 is devoted to the immediate implications of the existence 
and the uniqueness of the solutions of Monge-Kantorovitch and Monge prob- 



2 In Section [12. 71 we shall see another illustration of this phenomena. 
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lems constructed in Section 112.41 Indeed the uniqueness implies at once 
that the absolutely continuous transformations of the Wiener space, at finite 
(Wasserstein) distance, have a unique decomposition in the sense that they 
can be written as the composition of a measure preserving map in the form 
of the perturbation of identity with another one which is the perturbation 
of identity with the Sobolev derivative of a 1-convex function. This means 
in particular that the class of 1-convex functions is as basic as the class of 
adapted processes in the setting of Wiener space. 

In Section 112.61 we prove the existence and the uniqueness of solutions of 
the Monge-Kantorovitch and Monge problems for the measures which are at 
finite Wasserstein distance from each other. The fundamental hypothesis we 
use is that the regular conditional probabilities which are obtained by the 
disintegration of one of the measures along the orthogonals of a sequence 
of regular, finite dimensional projections vanish on the sets of co-dimension 
one. In particular, this hypothesis is satisfied if the measure under question 
is absolutely continuous with respect to the Wiener measure. The method we 
use in this section is totally different from the one of Section fl2.4( it is based 
on the notion of cyclic monotonicity of the supports of the regular conditional 
probabilities obtained through some specific disintegrations of the optimal 
measures. The importance of cyclic monotonicity has first been remarked by 
McCann and used abundently in [59J and in [34J for the finite dimensional 
case. Here the things are much more complicated due to the singularity of the 
cost function, in particular, contrary to the finite dimensional case, the cyclic 
monotonicity is not compatible with the weak convergence of probability 
measures. A curious reader may ask why we did not treat first the general 
case and then attack the subject of Section 112.41 The answer is twofold: 
even if we had done so, we would have needed similar calculations as in 
Section 112.41 in order to show the Sobolev regularity of the transport map, 
hence concerning the volume, the order that we have chosen does not change 
anything. Secondly, the construction used in Section 112.41 has an interest by 
itself since it explains interesting relations between the transport map and 
its inverse and the optimal measure in a more detectable situation, in this 
sense this construction is rather complementary to the material of Section 

MM 

Section 112.71 studies the Monge- Ampere equation for the measures which 
are absolutely continuous with respect to the Wiener measure. First we 
briefly indicate the notion of second order Alexandroff derivative and the 
Alexandroff version of the Ornstein-Uhlenbeck operator applied to a 1-convex 
function in the finite dimensional case. With the help of these observations, 
we write the corresponding Jacobian using the modified Carleman-Fredholm 
determinant which is natural in the infinite dimensional case (cf., |101j ). 
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Afterwards we attack the infinite dimensional case by proving that the ab- 
solutely continuous part of the Ornstein-Uhlenbeck operator applied to the 
finite rank conditional expectations of the transport function is a submartin- 
gale which converges almost surely. Hence the only difficulty lies in the calcu- 
lation of the limit of the Carleman-Fredholm determinants. Here we have a 
major difficulty which originates from the pathology of the Radon-Nikodym 
derivatives of the vector measures with respect to a scalar measure as ex- 
plained in jM] : in fact even if the second order Sobolev derivative of a Wiener 
function is a vector measure with values in the space of Hilbert-Schmidt op- 
erators, its absolutely continuous part has no reason to be Hilbert-Schmidt. 
Hence the Carleman-Fredholm determinant may not exist, however due to 
the 1-convexity, the detereminants of the approximating sequence are all with 
values in the interval [0, 1]. Consequently we can construct the subsolutions 
with the help of the Fatou lemma. 

Last but not the least, in section [12.7.1[ we prove that all these difficulties 
can be overcome thanks to the natural renormalization of the Ito stochastic 
calculus. In fact using the Ito representation theorem and the Wiener space 
analysis extended to the distributions, we can give the explicit solution of 
the Monge-Ampere equation. This is a remarkable result in the sense that 
such techniques do not exist in the finite dimensional case. 

12.2 Preliminaries and notations 

Let W be a separable Frechet space equipped with a Gaussian measure \i of 
zero mean whose support is the whole space. The corresponding Cameron- 
Martin space is denoted by H. Recall that the injection H ^ W is compact 
and its adjoint is the natural injection W* > H* C L 2 (fi). The triple 
(W, /x, H) is called an abstract Wiener space. Recall that W — H if and 
only if W is finite dimensional. A subspace F of H is called regular if 
the corresponding orthogonal projection has a continuous extension to W, 
denoted again by the same letter. It is well-known that there exists an 
increasing sequence of regular subspaces (F„,n > 1), called total, such that 
U n F n is dense in H and in W. Let cr(7rF n )|j be the cx-algebra generated by 
n Fn , then for any / G L p (fi), the martingale sequence (E[f\a(n Fn )],n > 1) 
converges to / (strongly if p < oo) in L p (fi). Observe that the function 
f n = E[f\cr(7TF n )] can be identified with a function on the finite dimensional 
abstract Wiener space (F n , p, n , F n ), where \i n = 7r n p. 

Let us recall some facts from the convex analysis. Let K be a Hilbert 
space, a subset S of K x K is called cyclically monotone if any finite subset 

3 For the notational simplicity, in the sequel we shall denote it by ttf^- 
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{(xi,yi), . . . , (xn,Vn)} of S satisfies the following algebraic condition: 

(y u x 2 - xi) + (y 2 , x 3 — x 2 ) H h (vn-i, %n - ar^-i) + (z/tv, x 1 -x n ) <0, 

where (•, •) denotes the inner product of K. It turns out that S is cyclically 
monotone if and only if 

N 

i=i 

for any permutation o~ of {1,...,N} and for any finite subset {(xi,yi) : 
i = 1, . . . , N} of S. Note that S 1 is cyclically monotone if and only if any 
translate of it is cyclically monotone. By a theorem of Rockafellar, any 
cyclically monotone set is contained in the graph of the sub differential of a 
convex function in the sense of convex analysis ([75]) and even if the function 
may not be unique its sub differential is unique. 

Let now (W, /i, H) be an abstract Wiener space; a measurable function / : 
W — i-]RU{oo}is called 1-convex if the map 

f{x + h)+ l -\h\ 2 H = F{ X) h) 

is convex on the Cameron-Martin space H with values in L°(fj,). Note that 
this notion is compatible with the //-equivalence classes of random variables 
thanks to the Cameron-Martin theorem. It is proven in Chapter [TT] that this 
definition is equivalent the following condition: Let (ir n , n > 1) be a sequence 
of regular, finite dimensional, orthogonal projections of H, increasing to the 
identity map Ih- Denote also by 7r n its continuous extension to W and define 
= Iw — TTn- For x G W , let x n = n n x and x^ = n^x. Then / is 1-convex 
if and only if 

is 7T^/i- almost surely convex. 

12.3 Some Inequalities 

Definition 12.3.1 Let £ and rj be two probabilities on (W, B{W)). We say 
that a probability 7 on {W x W,B(W x W)) is a solution of the Monge- 
Kantorovitch problem associated to the couple (£,77) if the first marginal of '7 
is £, the second one is rj and if 

j M = J |x-^ 7 (*,,) = i„f{/ \x-y\U^y):Pem,n)\, 

JWxW IJWxW J 
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where £(£, rj) denotes the set of all the probability measures onWxW whose 
first and second marginals are respectively £ and n. We shall denote the 
Wasserstein distance between £ and n, which is the positive square-root of 
this infimum, with 77). 

Remark: Since the set of probability measures on W x W is weakly compact 
and since the integrand in the definition is lower semi-continuous and strictly 
convex, the infimum in the definition is always attained even if the functional 
J is identically infinity. 

The following result is an extension of an inequality due to Talagrand [83] 
and it gives a sufficient condition for the Wasserstein distance to be finite: 

Theorem 12.3.2 Let L G !LlogIL(/i) be a positive random variable with 
E[L] = 1 and let v be the measure dv = Ldfi. We then have 



4(z/,/i)<2£[LlogL] 



;i2.3.2) 



Proof: Without loss of generality, we may suppose that W is equipped with a 
filtration of sigma algebras in such a way that it becomes a classical Wiener 
space as W = Co(H+, IR d ). Assume first that L is a strictly positive and 
bounded random variable. We can represent it as 



exp 



(u s ,dW,) - ~\u 



where u = f u s ds is an if- valued, adapted random variable. Define r n as 



TrAX 



inf it E IRj 



: J \u s (x)\ 2 ds > nj . 



T n is a stopping time with respect to the canonical filtration (J-f,t G IR+) of 
the Wiener process (W t ,t G H + ) and lim n r n = 00 almost surely. Define u n 

as 

u n (t,x) = l[ 0jTn ( a! )](s)tt ( ,(x)ds. 

Let U n : W — > W be the map U n (x) = x + u n (x), then the Girsanov theorem 
says that (t,x) — > U n (x)(t) = x(t) + f^u^ds is a Wiener process under the 
measure L n dfi, where L n = E[L\J- Tn \. Therefore 



E[L n logL n ] 



E 



L, 



(ii n s ,dW s ) 



1 

-lit 
2 



n|2 
H 



^E[L n \u%] 



- 2 E[L\u n \ Z H\ 
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Define now the measure /3 n on W x W as 



JWxW Jw 



/ . f(x,y)dp n (x,y) = f(U n (x),x)L n (x)dfj,(x) 



Then the first marginal of (3 n is ji and the second one is L n ./j,. Consequently 



where 7„ is a solution of the Monge-Kantorovitch problem in E(L n ./x, //). 
Let now 7 be any cluster point of the sequence {^ n ,n > 1), since 7 — » J(7) 
is lower semi- continuous with respect to the weak topology of probability 
measures, we have 



< 2E[L\ogL], 

since 7 G //), it follows that 

d 2 H {L.fi,fi) < 2E[LlogL] . 

For the general case we stop the martingale -E^L^] appropriately to obtain 
a bounded density L n , then replace it by Pi/ n L n to improve the positivity, 
where (P*,t > 0) denotes the Ornstein-Uhlenbeck semigroup. Then, from 
the Jensen inequality, 




2E[L n \ogL n }. 



Hence we obtain 



d 2 H (L n .n,n) = J(7„) < 2E[L n \ogL n ] , 



J(7) < liminfj(7„) 

< sup2E[L n logL„] 



n 



E\P l/n L n \ogP 1/n L n ] < E[L log L] , 



therefore, using the same reasoning as above 



d 2 H (L.fi,fi) < liminf d 2 H (P 1/n L n .[i, fi) 
< 2E[L\ogL], 



and this completes the proof. 



□ 
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Corollary 12.3.3 Assume that z/j (i = 1, 2) have Radon-Nikodym densities 
Li (i = 1,2) with respect to the Wiener measure \i which are in IL log IL. Then 

d H {vi,V2) < oo. 

Proof: This is a simple consequence of the triangle inequality (cf. [TO]): 
d H (vi, u 2 ) < dniyx, Y) + d H (v 2 , Y) ■ 

□ 

Let us give a simple application of the above result in the lines of [58] : 

Corollary 12.3.4 Assume that A G B(W) is any set of positive Wiener 
measure. Define the H -gauge function of A as 



Then we have 



in other words 



q A (x) = mf(\h\ H ■ h G (A - x) D H) 



E[q\] <2\og ' 



KAY 

E[q\]\ 



fi(A) < exp 

Similarly if A and B are H -separated, i.e., if A £ R B = 0, for some e > 0, 
where A e = {x G W : qA(x) < e}, then 



and consequently 

(j,(A) fi(B) < exp 



£ 2 ~ 



Remark: We already know that, from the — 1-law, q A is almost surely 
finite, besides it satisfies \q A (x + h) — q A (x)\ < \h\u, hence ^[expAg^] < oo 
for any A < 1/2 (cf. [101J). In fact all these assertions can also be proved 
with the technique used below. 
Proof: Let v A be the measure defined by 

dv A = —}—l A du.. 
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Let 74 be the solution of the Monge-Kantorovitch problem, it is easy to see 
that the support of ja is included in W x A, hence 

\x - y\ H > inf{|x - z\ H ■ z e A} = q A (x) , 

7A-almost surely. This implies in particular that q A is almost surely finite. 
It follows now from the inequality (I12.3.2P 

E[q 2 A ] <-2log fi(A), 

hence the proof of the first inequality follows. For the second let B = A c e and 
let Jab be the solution of the Monge-Kantorovitch problem corresponding to 
v A , v b- Then we have from the Corollary 112.3.31 

d\{y A ,v B ) < -A\og fi(A)fi(B) . 

Besides the support of the measure jab is in A x B, hence 7As-almost surely 
\x — y\u > £ and the proof follows. □ 

For the distance defined by 

dAv, u) = inf < / \x — y\nd9 : n\Q = /U, Tr 2 = v \ 
Uwxw J 

we have the following control: 

Theorem 12.3.5 Let L G IL+(/i) with E[L] = 1. Then we have 

di(L.fx,fi) < E \ (I + Cy x VL 1. (12.3.3) 

Proof: To prove the theorem we shall use a technique developed in [18]. Us- 
ing the conditioning with respect to the sigma algebra V n = <r{5ei, . . . , Se n }, 
where (ei,i > 1) is a complete, orthonormal basis of H, we reduce the prob- 
lem to the finite dimensional case. Moreover, we can assume that L is a 
smooth, strictly positive function on IR™. Define now a — (I + £) _1 VL and 

a(x) 



t+(l-t)L 7 

for t G [0,1]. Let (<f) Sit (x),s < t G [0,1]) be the flow of diffeomorphisms 
defined by the following differential equation: 
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From the standart results (cf. [101] . Chapter V), it follows that x — > <p s .t{x) 
is Gaussian under the probability A S) f./x, where 



A S;t = exp J (Sa T )((j) s>T (x))dr 

is the Radon- Nikodym density of (j)~ t fj, with respect to [L. Define 

H,(t, x) = A s>t (x) {t + (1 - t)L o <p a>t (x)} . 
It is easy to see that 



d_ 

dt 



H s (t,x) = 



for t G (s, 1). Hence the map t — > H s (t,x) is a constant, this implies that 

A 8> i(ar) = s + (1 - s)L(x) . 
We have, as in the proof of Theorem 112.3.2]. 

d^L.fx,^) < E[\(f> 0tl (x) -x\ H A 01 ) 



< E 
= E 
= E 



A 0j i / \a t (^ 0i t(x))\ H dt 



H 



dt 



E 
E\\o 



°t{<l>t,i{ x )) 

[ \a t (x)\ H A tjl dt 
Jo 



dt 



H 



and the general case follows via the usual approximation procedure. 



□ 



12.4 Construction of the transport map 

In this section we give the construction of the transport map in the Gaussian 
case. We begin with the following lemma: 

Lemma 12.4.1 Let (W,[a,H) be an abstract Wiener space, assume that f : 
W — > 1R is a measurable function such that it is Gateaux differentiable in the 
direction of the Cameron-Martin space H, i.e., there exists some Vf : W — > 
H such that 

fix + h) = f(x) + f\vf(x + rh), h) H dr , 
Jo 
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fx- almost surely, for any h G H . If |V/|# G L 2 (fi), then f belongs to the 
Sobolev space D 2i i. 

Proof: Since |V|/||h < |V/|/r, we can assume that / is positive. Moreover, 
for any n G IN, the function f n = min(/, n) has also a Gateaux derivative 
such that |V/ n |jj < |V/|# //-almost surely. It follows from the Poincare 
inequality that the sequence (/„ — E[f n ],n > 1) is bounded in L 2 (/i), hence 
it is also bounded in L°(fx). Since / is almost surely finite, the sequence 
(fn,n > 1) is bounded in L°(fj), consequently the deterministic sequence 
(E[f n ],n > 1) is also bounded in L°(fx). This means that sup n E[f n \ < oo, 
hence the monotone convergence theorem implies that E[f] < oo and the 
proof is completed. □ 



Theorem 12.4.2 Let v be the measure dv = Ld[i, where L is a positive 
random variable, with E[L] = 1. Assume that v) < oo (for instance 

L G ILloglL^. Then there exists a 1- convex function (f> G E^i, unique upto 
a constant, such that the map T = I w + V0 is the unique solution of the 
original problem of Monge. Moreover, its graph supports the unique solution 
of the Monge-Kantorovitch problem 7. Consequently 

(I w x T)n = 7 

In particular T maps /i to v and T is almost surely invertible, i.e., there 
exists some T~ l such that T~ x v = \i and that 

1 = fi{x: T" 1 o T(x) = x} 

= u{yeW: ToT'\y) = y} . 

Proof: Let {n n , n > 1) be a sequence of regular, finite dimensional orthogonal 
projections of H increasing to In- Denote their continuous extensions to W 
by the same letters. For x G W, we define n^x =: x^ = x — n n x. Let u n be 
the measure 7i n u. Since v is absolutely continuous with respect to //, v n is 
absolutely continuous with respect to /i n :— 7r n/ u and 

^ ovr„ = E[L\V n \ =: L n , 
d\x n 

where V n is the sigma algebra <r(7r n ) and the conditional expectation is taken 
with respect to fi. On the space H n , the Monge-Kantorovitch problem, which 
consists of finding the probability measure which realizes the following infi- 
mum 



d 2 H {n n , v n ) = inf {J(/3) : (3 G M\{H n x H n ) , Pl /3 = fx n ,p 2 (3 = u n } 
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where 

J(f3)= f \x-y\ 2 d(3(x,y), 

has a unique solution 7 n , where Pi, i — 1, 2 denote the projections (xi, x 2 ) — )• 
Xj, z = 1, 2 from if n x H n to if n and Mi(H n x i7 n ) denotes the set of proba- 
bility measures on H n x H n . The measure 7„ may be regarded as a measure 
on W x W, by taking its image under the injection H n x H n ^ W xW which 
we shall denote again by 7„. It results from the finite dimensional results 
of Brenier and of McCann([T4], [5H]) that there are two convex continuous 
functions (hence almost everywhere different iable) $ n and on H n such 
that 

$ n (z) + V n (y) > (x,y) H 

for all x, y G and that 

7 n -almost everywhere. Hence the support of 7 n is included in the graph of 
the derivative V$ n of $ n , hence V$ n /x n = v n and the inverse of V$ n is equal 
to W n . Let 

4> n (x) = $ n (x) - 
V»„(y) = -gMSr- 

Then <fr n and are 1-convex functions and they satisfy the following rela- 
tions: 

Ms) + My) + \\x - y\ 2 H > o , (12.4.4) 

for all x, y G if n and 

0n(x)+Vn(l/) + ^|a;-y|^ = O, (12.4.5) 

7 n -almost everywhere. From what we have said above, it follows that j n - 
almost surely y = x + V0 n (x), consequently 

J( 7 n) = £[|V0X] • (12.4.6) 

Let q n : W x W — >■ if n x if n be defined as g n (x, y) = (7r n x, 7r n y). If 7 is any 
solution of the Monge-Kantorovitch problem, then q n ^ G S(/i n , v n ), hence 



J {in) < J{qnl) <J{l)= d 2 H (fX,u) 



(12.4.7) 
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Combining the relation (112. 4. 6p with the inequality (112. 4. 7p . we obtain the 
following bound 

SUp J ( 7n ) = SUp d? H (n n , V n ) 

n n 

= sup£[|V0X] 

n 

< 4(/i^) = J( 7 ). (12.4.8) 
For m < n, q m j n G E(// m , u m ), hence we should have 

J{lm) = / \-K m x -7T m y\ 2 H dj m (x,y) 

JWxW 



< / \^mX -7T m y\ 2 H dj n (x,y) 

JWxW 

< / \ir n x - ir n y\ 2 H d>y n (x,y) 

JWxW 

\x -y\ 2 H d"f n (x,y) 



WxW 
= J {in), 

where the third equality follows from the fact that we have denoted the 7 n 
on H n x H n and its image in W x W by the same letter. Let now 7 be 
a weak cluster point of the sequence of measures (j n ,n > 1), where the 
word " weak"@ refers to the weak convergence of measures on W x W. Since 
(x,y) — > \x — y\u is lower semi-continuous, we have 



J{l) = / \x -y\ H d-f(x,y) 

JWxW 

< Yimm.il \x - yf H d^ n {x, y) 

11 JWxW 

= liminf J(7„) 

< sup J (7„) 

n 

< j( 7 ) = d 2 H (^,p) , 
from the relation (I12.4.8p . Consequently 

J( 7 ) = limJ( 7n ). (12.4.9) 

Again from (112. 4. 8p . if we replace (fi n with n — E[(p n ] and ip n with ip n + E[(f> n ] 
we obtain a bounded sequence (0 n , n > 1) in nD 2i i, in particular it is bounded 



4 To prevent the reader against the trivial errors let us emphasize that 7„ is not the 
projection of 7 on W n x W n . 
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in the space L 2 (7) if we inject it into latter by (j> n (x) — > 4> n {x)®l{y). Consider 
now the sequence of the positive, lower semi-continuous functions (F n , n > 1) 
defined on W x W as 

F n (x,y) = (j) n (x) + i) n (y) + ^\x-y\%. 

We have, from the relation (112.4. 5p 

/ Fn(x,y)dj(x,y) = f 4> n du.+ [ i\) n {y)dv 
JWxW Jw Jw 2 

= \{J{l)-J{ln))^U. 

Consequently the sequence (F n , n > 1) converges to zero in L 1 ^), therefore it 
is uniformly integrable. Since (4> n , n > 1) is uniformly integrable as explained 
above and since \x — y\ 2 has a finite expectation with respect to 7, it follows 
that (ip n ,n > 1) is also uniformly integrable in L 1 ^) hence also in L^iy). 
Let 4>' be a weak cluster point of (<f) n ,n > 1), then there exists a sequence 
(0n> n — 1) wri ose elements are the convex combinations of some elements of 
(<j>k, k >n) such that (</>' n , n > 1) converges in the norm topology of E) 2i i and 
/i- almost everywhere. Therefore the sequence {ip' n ,n > 1), constructed from 
C0fc> k > n), converges in L x [y) and zz-almost surely. Define and ^ as 

0(x) = limsup^tx) 

n 

il)(y) = limsup^(y), 

n 

hence we have 

G(x, y) = 4>(x) + ip(y) + -\x - y\ 2 H > 

for all (x, y) G W x VF, also the equality holds 7-almost everywhere. Let now 
h be any element of H, since x — y is in H for 7-almost all (x, y) G W x VT, 
we have 

k + - vIh = \ x ~ v\h + \ h \ 2 H + 2(h,x- y) H 
7-almost surely. Consequently 

<f)(x + h) - (f)(x) > -(h,x- y) H - ]j\h\ 2 H 
7-almost surely and this implies that 



y = x + V0(x) 
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7- almost everywhere. Define now the map T : W — > W as T(x) = x + V(p(x), 
then 



for any / G Cb(W x W), consequently (Iw x T)/i = 7, in particular T/i = v. 
Let us notice that any weak cluster point of (<f> n ,n > 1), say 0, satisfies 



7-almost surely, hence //-almost surely we have = 0. This implies that 
{<t>ni n > 1) has a unique cluster point 0, consequently the sequence (0„,n > 
1) converges weakly in E) 2j i to 0. Besides we have 



hence (0„,n > 1) converges to in the norm topology of D 2i i. Let us 
recapitulate what we have done till here: we have taken an arbitrary optimal 
7 G v) and an arbitrary cluster point of (0 n ,n > 1) and we have 
proved that 7 is carried by the graph of T = I w + V0. This implies that 
7 and are unique and that the sequence (7„,n > 1) has a unique cluster 
point 7. 

Certainly (ip n , > 1) converges also in the norm topology of L 1 ^). More- 
over, from the finite dimensional situation, we have V0„(x) + Vip n (y) = 
7„-almost everywhere. Hence 



this implies the boundedness of (Vip n ,n > 1) in L 2 (u,H) (i.e., if -valued 
functions). To complete the proof we have to show that, for some measurable, 
if-valued map, say 77, it holds that x = y + r](y) 7-almost surely. For this 
let F be a finite dimensional, regular subspace of H and denote by 7Tp the 
projection operator onto F which is continuously extended to W, put Tip = 
I w ~ ttf- We have W = F © F- 1 , with F 1 - = kem F = n^(W). Define the 
measures vp = itf(v) and Vp = 7Tp(v). From the construction of ip, we know 




V0(x) = y — x 





EuW n \ 2 H \ = E[\V<t>n\ 2 H ] 
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that, for any v G -F -1 , the partial map u — > ip(u + v ) is 1-convex on F. Let 
also A = {y EW : ip(y) < oo}, then A is a Borel set with u(A) = 1 and it 
is easy to see that, for ^-almost all v G -F -1 , one has 

v(A\irj; = v )>0. 

It then follows from Lemma 3.4 of Chapter [TTJ and from the fact that the 
regular conditional probability v(- \np = v) is absolutely continuous with 
respect to the Lebesgue measure of F, that u — >■ ip(u + v) is u(- \np = v)- 
almost everywhere differentiable on F for i/^-almost all v G -F -1 . It then 
follows that, i/-almost surely, ip is differentiable in the directions of F, i.e., 
there exists V_fV £ ^-almost surely. Since we also have 

ip(y + k) - ip{y) >{x-y, k) H - -\k\ 2 H , 
we obtain, 7-almost surely 

(y F 4>(y) } k) H = (x-y, k) H , 
for any k G F. Consequently 

VWO) = n F (x -y) 

7-almost surely. Let now (F n ,n > 1) be a total, increasing sequence of 
regular subspaces of H, we have a sequence (V n i[),n > 1) bounded in L 2 {y) 
hence also bounded in L 2 {pf). Besides V n i[)(y) = 7i n x — 7r n y 7-almost surely. 
Since (iT n (x — y),n > 1) converges in L 2 (7,FT), {Vnip^n > 1) converges in 
the norm topology of F 2 (7, H). Let us denote this limit by n, then we have 
x = y + rjiy) 7-almost surely. Note that, since n n n = V n ip, we can even write 
in a weak sense that n = Vip. If we define T~ l {y) = y + r/(y), we see that 

1 = 1 {(x,y)eW xW :ToT-\y)=y} 
= 7{(x,y) G W x W : T" 1 oT(x) = x} , 

and this completes the proof of the theorem. □ 

Remark 12.4.3 Assume that the operator V is closable with respect to v, 
then we have r\ = Vip. In particular, if v and \i are equivalent, then we have 

where is ip is a 1-convex function. 
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Remark 12.4.4 Assume that L e ILi(/x), with E[L] = 1 and let (D k ,k £ 
IN) be a measurable partition of W such that on each D k , L is bounded. 
Define dv = Ldfi and v k = u(-\D k ). It follows from Theorem 1 12. 3. 21 that 



g?h(jU, v k ) < oo. Let then T k be the map constructed in Theorem 12.4-2 
satisfying T k fM = u k . Define n(dk) as the probability distribution on IN given 
by n ({&}) = v(Dk), k G IN. Then we have 



f{y)dv{y) = / f(T k (x))n(dx)n(dk) . 

W JWxTN 

A similar result is given in p?W ; the difference with that of above lies in the 
fact that we have a more precise information about the probability space on 
which T is defined. 



12.5 Polar factorization of the absolutely con- 
tinuous transformations of the Wiener 
space 

Assume that V = Iw + v : W — > W be an absolutely continuous transforma- 
tion and let L e IL , (//) be the Radon- Nikodym derivative of V/j, with respect 
to fi. Let T = Iw + V0 be the transport map such that T/i = L.fi. Then it 
is easy to see that the map s = T^ 1 
and it can be represented as s = I 



o V is a rotation, i.e., s/x = /i (cf. [101J ) 
w + oi. In particular we have 



a + V0 o s 



v . 



;i2.5.10) 



Since is a 1-convex map, we have h — > h\h\% + 4>{x + h) is almost surely 
convex (cf. Chapte jTT| . Let s' = Iw + ot' be another rotation with a 1 : W — > 
H. By the 1-convexity of 0, we have 



-|a'|!f + (po s' > ~\at\% + <p o s + (a + V0 o s, a' — 



a 



H 



/x-almost surely. Taking the expectation of both sides, using the fact that s 
and s' preserve the Wiener measure /i and the identity (112.5. 10p . we obtain 



E 



1 . 
- a 



lv,a H 



< E 



2 10 



/|2 



[y, a H 



Hence we have proven the existence part of the following 



Proposition 12.5.1 Let H2 denote the subset of L 2 (fi, H) whose elements 
are defined by the property that x — > x + r](x) is a rotation, i.e., it preserves 
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the Wiener measure. Then a is the unique element of 1Z 2 which minimizes 
the functional 



7] -)• M v (r/) = E 



1, |2 



Proof: To show the uniqueness, assume that r/ <E 1Z 2 be another map mini- 
mizing J v . Let (5 be the measure on W x W, defined as 



WxW 



J(x,y)dp(x,y) 



w 



f(x + 7](x), V(x))d/i . 



Then the first marginal of /3 is \i and the second marginal is L.fi. Since 
7 = (Iw x T)fx is the unique solution of the Monge-Kantorovitch problem, 
we should have 

J\x- y\ 2 H df3(x, y)> J \x - y\ 2 H dl(x, y) = E[\V<t>\ 2 H \ . 



However we have 



/ \x-y\ 2 H dp(x,y) 

JWxW 



E 

E 
E 
E 
E 
E 



= / 

Jv. 



n\ 2 
V\h 



WxW 

= Jin) 

and this gives a contradiction to the uniqueness of 7. 



+ 2M v (n) 
+ 2M v (a) 
v — a\ 2 H 
V0 o s\ 2 H 

x-y\ 2 H dri(x,y) 



□ 



The following theorem, whose proof is rather easy, gives a better un- 
derstanding of the structure of absolutely continuous transformations of the 
Wiener measure: 

Theorem 12.5.2 Assume that U : W — >■ W be a measurable map and L e 
ILloglL a positive random variable with E[L] = 1. Assume that the measure 
v = L ■ 11 is a Girsanov measure for U , i.e., that one has 

E[foUL]=E[f], 

for any f G Cb(W). Then there exists a unique map T = Iw + V0 with 
4> G ID 2 ,i is 1-convex, and a measure preserving transformation R : W — > W 
such that U oT — R /j,- almost surely and U — R o T _1 u-almost surely. 
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Proof: By Theorem 112.4.21 there is a unique map T = Iy/ + V0, with G 
©2,1, 1-convex such that T transports ft to v. Since ?7z/ = ft, we have 

E[/oC/L] = E[foUoT] 
= E[f). 

Therefore x — > U o T(a;) preserves the measure /x. The rest is obvious since 
T _1 exists v- almost surely. □ 

Another version of Theorem 112.5.21 can be announced as follows: 



Theorem 12.5.3 Assume that Z : W — >■ W is a measurable map such that 
Zfi yU, with dH{Zfi,fi) < oo. Then Z can be decomposed as 

Z = T o s , 

where T is the unique transport map of the Monge-Kantorovitch problem for 
S(/i, Zfi) and s is a rotation. 

Proof: Let L be the Radon-Nikodym derivative of Zfi with respect to fi. We 
have, from Theorem 112.4. 2| 

E[f] = E[foT~ l oT] 
= E[foT~ l L\ 
= EifoT-'oZ], 

for any / G Cb(W). Hence T -1 o Z = s is a rotation. Since T is uniquely 
defined, s is also uniquely defined. □ 

Although the following result is a translation of the results of this section, 
it is interesting from the point of view of stochastic differential equations: 

Theorem 12.5.4 Let (W, fi, H) be the standard Wiener space on M rf ; i.e., 
W = C(1R_|_, H d ). Assume that there exists a probability P fi which is the 
weak solution of the stochastic differential equation 

dy t = dW t + b(t, y)dt , 

such that dn{P,fj) < oo. Then there exists a process (T t ,t G 1R+) which is a 
pathwise solution of some stochastic differential equation whose law is equal 
to P. 
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Proof: Let T be the transport map constructed in Theorem 112.4.21 corre- 
sponding to dP/dfi. Then it has an inverse T _1 such that /x{T _1 o T(x) = 
x} — 1. Let cf) be the 1-convex function such that T = Iw + V</> and denote by 
(D s (j),s G IR+) the representation of V</> in L 2 (TR + ,ds). Define T t (x) as the 
trajectory T(x) evaluated at t G IR+. Then it is easy to see that (T t , t G R + ) 
satifies the stochastic differential equation 

TJx) = WAx) + /* l{s,T{x))ds , t G IR+, 

JO 

where W t (x) = x{t) and l(s, x) = D s (f> o T _1 (x). □ 



12.6 Construction and uniqueness of the trans- 
port map in the general case 

In this section we call optimal every probability measure^] 7 on W x W such 
that J(7) < 00 and that ^(7) < J{6) for every other probability 9 having the 
same marginals as those of 7. We recall that a finite dimensional subspace F 
of W is called regular if the corresponding projection is continuous. Similarly 
a finite dimensional projection of H is called regular if it has a continuous 
extension to W . 

We begin with the following lemma which answers all kind of questions 
of measurability that we may encounter in the sequel: 

Lemma 12.6.1 Consider two uncountable Polish spaces X and T . Let t — > 
7t be a Borel family of probabilities on X and let T be a separable sub-a- 
algebra of the Borel o -algebra B of X . Then there exists a Borel kernel 

N t f(x)= I f{y)N t {x,dy), 

such that, for any bounded Borel function f on X, the following properties 
hold true: 

i) (t,x) — > N t f(x) is Borel measurable on T x X . 

ii) For any t G T , N t f is an F -measurable version of the conditional 
expectation E lt [f\F]. 



5 In fact the results of this section are essentially true for the bounded, positive measures. 
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Proof: Assume first that J 7 is finite, hence it is generated by a finite partition 
{Ai, . . . , Ak}. In this case it suffices to take 

= (/*'**) w*> (- tth0 = 5)- 

For the general case, take an increasing sequence {F n ,n > 1) of finite sub-cr- 
algebras whose union generates J 7 . Without loss of generality we can assume 
that (X, B) is the Cantor set (Kuratowski Theorem, cf., [2~T]). Then for every 
clopen set (i.e., a set which is closed and open at the same time) G and any 
t G T, the sequence (iV"l G ,n > 1) converges 7 f -almost everywhere. Define 

H G (t,x) = limsup |A^l G (rr) - N?l G (x)\ . 

m,n— >oo 

He is a Borel function onT x X which vanishes 7 f -almost all besides, 
for any t € T, x —> Ha(t,x) is J 7 - measurable. As there exist only countably 
many clopen sets in X, the function 

H(t, x) = sup Hc(t, x) 

G 

inherits all the measurability properties. Let 9 be any probability on X, for 
any clopen G, define 

N t l G (x) = lim n AT"l G (x) if H(t,x) = 0, 
= 9(G) if H{t,x)>0. 

Hence, for any t G T, we get an additive measure on the Boolean algebra of 
clopen sets of X. Since such a measure is a- additive and extends uniquely 
as a cr-additive measure on £>, the proof is completed. □ 



Remark 12.6.2 1. This result holds in fact for the Lusin spaces since 
they are Borel isomorphic to the Cantor set. Besides it extends easily 
to countable spaces. 

2. The particular case where T = A^i(X), i.e., the space of probability 
measures on X under the weak topology and t — > j t being the identity 
map, is particularly important for the sequel. In this case we obtain 
a kernel N such that (x,j) —> N 1 f(x) is measurable and N y f is an 
J 7 - measurable version of E^lflJ 7 ]. 
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Lemma 12.6.3 Let p and v be two probability measures on W such that 

d H (p,v) < oo 

and let 7 G £(p, v) be an optimal measure, i.e., J{^) = d 2 H (p, v), where J is 
given by U2.1.1\) . Assume that F is a regular finite dimensional subspace of 
W with the corresponding projection rep from W to F and let 7r^ = Iw — irp 
. Define pp as the projection from W x W onto F with Pf(x, y) = ttfx cmd 
let pp(x, y) = TTpX. Consider the Borel disintegration 

7(0 = /, 7("|x ± )7 ± (^ ± ) 
= f -f(-\x ± )p ± (dx ± ) 

along the projection ofWxW on F x , where p L is the measure TTpp, j(- \x x ) 
denotes the regular conditional probability j[- \pp = x L ) and •y ± is the mea- 
sure Ppj. Then, p L and / j- L -almost surely 7(-|x J -) is optimal on (x ± +F)xW . 

Proof: Let pi, p 2 be the projections of W x W defined as pi(x,y) = 7Tp(x) 
and p 2 (x,y) = 7Tp(y). Note first the following obvious identity: 

Vil{- = p{- \x x ) , 
p x and 7 J --almost surely. Define the sets B C F 1 - x Aii(F x F) and C as 

B = {{x L ,6): 0eE(p l7 (V),P27(V))} 
C = {(x ± ,9)eB: J(0) < J( 7 (. Jar 1 )} , 

where Aii(F x F) denotes the set of probability measures on F x F. Let 
K be the projection of C on F x . Since B and C are Borel measurable, Kis 
a Souslin set, hence it is p^-measurable. The selection theorem (cf. [21J) 
implies the existence of a measurable map 

x L -)■ 9 X ± 

from K to M.\(F x F) such that, p^-almost surely, (x 1 ~,6 x ±) G C. Define 
0(0 = / 9 x ±(-)dp ± (x ± ) + I 1 (-\x ± )dp ± (x ± ). 

JK JK C 

Then 9 G X(p, v) and we have 

J(9) = [ J(9 x ,)dp ± (x ± )+ [ J( 7 (-|a; ± ))dp ± (a; ± ) 

JK J K c 

< [ J( 1 (-\x ± ))dp ± (x ± )+ [ J{ 1 {-\x L ))dp L {x L ) 

JK JK C 
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hence we obtain J (6) < J(j) which is a contradiction to the optimality of 7. 

□ 

Lemma 12.6.4 Assume that the hypothesis of Lemma \12. 6. 31 holds and let F 
be any regular finite dimensional subspace ofW. Denote by ti f the projection 
operator associated to it and let Hp = l w — n F . If 7T F p-almost surely, the 
regular conditional probability p(- \iTp = x^) vanishes on the subsets ofx ± + F 
whose Hausdorff dimension are at most equal to dim(F) — 1, then there exists 
a map Tp : F x F 1 - — > F such that 

7 ({(x,y) G W x W : 7c F y = T f {-k f x^x))) = 1. 

Proof: Let C x ± be the support of the regular conditional probability 7(- la; -1 ) 
in (x 1 - + F) x W. We know from Lemma [12.6.31 that the measure 7(- \x x ) 
is optimal in £(7i"i7(- |x- L ),7r 2 7(- (ar 1 )), with J{^{- {x 1 )) < 00 for p^-almost 
everywhere x x . From Theorem 2.3 of [31] and from [I], the set C x ± is cycli- 
cally monotone, moreover, C x ± is a subset of (x 1 - + F) x H, hence the cyclic 
monotonicity of it implies that the set K x ± C F x F, defined as 

K x ± = {(u,tt f v) G F x F : (or 1 +u,v) G C^x} 

is cyclically monotone in F x F. Therefore i^x is included in the subdif- 
ferential of a convex function defined on F. Since, by hypothesis, the first 
marginal of 7(- \x x ), i.e., p(- Ix -1 ) vanishes on the subsets of x L + F of co- 
dimension one, the subdifferential under question, denoted as U F (u, ar 1 ) is 
p(- |x ± )-almost surely univalent (cf. [3 [59]). This implies that 

TO \ x± ) ({( u > v ) G C^-x : vr F t; = [^(^ar 1 )}) = 1 , 

p^-almost surely. Let 

K x ± tn = {v G W : (u,u) G K x ±} . 

Then i^x u consists of a single point for almost all u with respect to p(- jx -1 ). 
Let 

iV = {(«,i i )GFxF i : Card^x^) > l} , 

note that JV is a Souslin set, hence it is universally measurable. Let a be 
the measure which is defined as the image of p under the projection x — > 
(n F x, n F x). We then have 

a(N) = / p ± (dx ± ) I l N (u,x ± )p(du\x^) 
Jf 1 Jf 

= 0. 
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Hence (w, ar 1 ) >->■ K x ± u = {y} is p and 7-almost surely well-defined and it 
suffices to denote this map by T F to achive the proof. □ 

Theorem 12.6.5 Suppose that p and v are two probability measures on W 
such that 

d H (p, v) < 00 . 

Let (rr n ,n > 1) be a total increasing sequence of regular projections (of H , 
converging to the identity map of H). Suppose that, for any n > 1, the 
regular conditional probabilities p{- \tt^ = ar 1 ) vanish n^p-almost surely on 
the subsets of with Hausdorff dimension n — 1. Then there exists 

a unique solution of the Monge-Kantorovitch problem, denoted by 7 G £(p, v) 
and 7 is supported by the graph of a Borel map T which is the solution of 
the Monge problem. T : W — >■ W is of the form T — Iw + £ , where £ G H 
almost surely. Besides we have 

d 2 H {p,v) = / \T(x)-x\%di(x,y) 

JWxW 

= [ \T(x) - x\ 2 H dp(x) , 

JW 

and for rc^p-almost almost all x^, the map u — >■ u + £(u + x^) is cyclically 
monotone on ('Kn)~ 1 { x n}> in the sense that 

N 

J2(ui + £(Xn +Ui),U i+1 -Ui) < 

1=1 

Ti^p-almost surely, for any cyclic sequence {ui, . . . , un, u^ +1 = ui} from 
nn(W). Finally, if, for any n > 1, n^v-almost surely, = y L ) also 

vanishes on the n — 1-Hausdorff dimensional subsets of (^^^(W), then T 
is invertible, i. e, there exists S : W — > W of the form S = Iw + V such that 
rj G H satisfies a similar cyclic monotononicity property as £ and that 

1 = >y{(x,y) G Wx W:ToS(y) = y} 
= -f{(x,y)eWxW:SoT(x)=x}. 

In particular we have 

d 2 H (p,v) = / \S(y)-y\ 2 H d'y(x,y) 

JWxW 

= I \S{y) - y\ 2 H dv{y) . 

JW 
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Remark 12.6.6 In particular, for all the measures p which are absolutely 
continuous with respect to the Wiener measure p, the second hypothesis is 
satisfied, i.e., the measure p(- = a:„) vanishes on the sets of Hausdorff 
dimension n — 1. 

Proof: Let (F n ,n > 1) be the increasing sequence of regular subspaces 
associated to (7r n ,n > 1), whose union is dense in W. From Lemma [12.6.4[ 
for any F n , there exists a map T n , such that 7r n y = T n (ir n x, vr^x) for 7-almost 
all (x,y), where ir^ = I w — 7r n . Write T n as I n + £ n , where denotes the 
identity map on F n . Then we have the following representation: 

TT n y = 7T n X + £ n (ir n X, 71^ x) , 

7-almost surely Since 



and since y — x G H 7-almost surely (iT n y — 7i n x, n > 1) converges 7-almost 
surely Consequently (£, n ,n > 1) converges 7, hence p almost surely to a 
measurable £. Consequently we obtain 



Since J(7) < 00, £ takes its values almost surely in the Cameron-Martin space 
H . The cyclic monotonicity of £ is obvious. To prove the uniqueness, assume 
that we have two optimal solutions 71 and 72 with the same marginals and 
J(7i) = J (72) ■ Since f3 —> J(f3) is linear, the measure defined as 7 = ^(71 + 
72) is also optimal and it has also the same marginals p and v. Consequently, 
it is also supported by the graph of a map T. Note that 71 and 72 are 
absolutely continuous with respect to 7, let L\{x,y) be the Radon-Nikodym 
density of 71 with respect to 7. For any / G Cb(W), we then have 



Therefore we should have p-almost surely, Li(x, T(x)) = 1, hence also L\ = 1 
almost everywhere 7 and this implies that 7 = 71 =72- The second part 
about the invertibility of T is totally symmetric, hence its proof follows along 



7r„?/ - n n x = ir n (y- x) 

= £„(vr n x, tt^x) 



7 {{{x, y) G W x W : y = x + f (x)}) = 1 . 




the same lines as the proof for T. 



□ 
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Corollary 12.6.7 Assume that p is equivalent to the Wiener measure p, 
then for any h\, . . . , G H and for any permutation r of {1, ... , N}, we 
have, with the notations of Theorem \12.6.5[ 

N 

(hi + £(x + hi), h T (i) - h^j H < 

i=l 

p-almost surely. 

Proof: Again with the notations of the theorem, p^r -almost surely, the graph 
of the map Xk — > Xk + £k(xk, x k) * s cyclically monotone on Fj.. Hence, for 
the case hi G F n for all i — 1, . . . , N and n < k, we have 

N 

^2 (hi + x k + £k(xk + hi, x^), h T{i) -h^j <0. 

i=l 

Since J2i( x k, h T u) — hi) H = 0, we also have 

N 

J2 ( h i + Z,k(xk + h u Xk),h T{i) - h^j H < 0. 

i=l 

We know that £,k{ x k + hi, xj:) converges to p-almost surely. Moreover 

h — > £(x + h) is continuous from H to L°(p) and the proof follows. □ 



12.7 The Monge- Ampere equation 

Assume that W = IR n and take a density L G ILloglL. Let G ]D 2) i be the 
1-convex function such that T = I + V0 maps ptoL-p. Let S = I + be 
its inverse with ip G E^i- Let now V 2 be the second Alexandrov derivative 
of (j), i.e., the Radon- Nikodym derivative of the absolutely continuous part 
of the vector measure V 2 ^ with respect to the Gaussian measure p on IR n . 
Since <fi is 1-convex, it follows that V 2 > — /jr™ i n the sense of the distribu- 
tions, consequently V 2 > — /]&» /i-almost surely. Define also the Alexandrov 
version C a (p of C(p as the Radon-Nikodym derivative of the absolutely contin- 
uous part of the distribution £<fi. Since we are in finite dimensional situation, 
we have the explicit expression for £ a as 

C a (p(x) = (V<f>(x),x)u n - trace (v 2 0) . 
Let A be the Gaussian Jacobian 

A = det 2 (/jr.. + V 2 0) exp |-£ a - -|V0|^} . 
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Remark 12.7.1 In this expression as well as in the sequel, the notation 
det2(i# + A) denotes the modified Carleman-Fredholm determinant of the 
operator Ih + A on a Hilbert space H. If A is an operator of finite rank, 
then it is defined as 

det 2 (I H + A) = f[(l + k)e- k , 

where (k, i < n) denotes the eigenvalues of A counted with respect to their 
multiplicity. In fact this determinant has an analytic extension to the space 
of Hilbert-Schmidt operators on a separable Hilbert space, cf. [23] and Ap- 
pendix A. 2 of [10 1J. As explained in [101] , the modified determinant exists 
for the Hilbert-Schmidt operators while the ordinary determinant does not, 
since the latter requires the existence of the trace of A. Hence the modified 
Carleman-Fredholm determinant is particularly useful when one studies the 
absolute continuity properties of the image of a Gaussian measure under non- 
linear transformations in the setting of infinite dimensional Banach spaces 
(cf., [101] for further information). 

It follows from the change of variables formula given in Corollary 4.3 of 
that, for any / G C b (WC), 

E[foTA] = E[f 1 9HM) 

where M is the set of non- degeneracy of 1^ + V^0, 

= ^|x| 2 + <f)(x) 

and <9$ denotes the subdifferential of the convex function $. Let us note that, 
in case L > almost surely, T has a global inverse S, i.e., SoT = ToS = Jr* 
//-almost surely and /i(<9$(M)) = /j l (S~ 1 (M)). Assume now that A > 
almost surely, i.e., that fi(M) = 1. Then, for any / G Cb(JR n ), we have 



E[foT] = E 
= E 



f nr A 
foT 



AoT- 1 oT 



AoT 
= E[fL], 

where T -1 denotes the left inverse of T whose existence is guaranteed by 
Theorem 112.4.21 Since T(x) G <9$(M) almost surely, it follows from the 
above calculations 
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almost surely. Take now any t G [0, 1), the map x — > \\x\ 2 H + t(p(x) = 
is strictly convex and a simple calculation implies that the mapping T t = 
J + tV0 is (1 — t)-monotone (cf. |101j . Chapter 6), consequently it has a left 
inverse denoted by St- Let us denote by the Legendre transformation of 

%(y) = sup {(x,y) - $ t (x)} ■ 

x^TR" 

A simple calculation shows that 



*t(j/) = sup 



I X I ^ 1 f I X I ^ 



(1 - t) (x, y) - LJ_ + t (x, y) - LJ_ - 0(x) 



2 



|2 



< (l-t)^- + t*i(y). 

Since is the Legendre transformation of $i(x) = |x| 2 /2 + <f>(x) and since 
L G ILloglL, it is finite on a convex set of full measure, hence it is finite 
everywhere. Consequently ^t{y) < oo for any y G TR n . Since a finite, convex 
function is almost everywhere differentiable, V\l/t exists almost everywhere 
on and it is equal almost everywhere on T t (M t ) to the left inverse Tf 1 , where 
M t is the set of non- degeneracy of 1^" + ^V„0. Note that /i(M t ) = 1. The 
strict convexity implies that Tf is Lipschitz with a Lipschitz constant j^. 
Let now A t be the Gaussian Jacobian 



A t = det 2 (l H « + tV 2 j) exp I -tC Q 




Since the domain of <fi is the whole space IR™, At > almost surely, hence, 
as we have explained above, it follows from the change of variables formula 
of [50] that T t \x is absolutely continuous with respect to \i and that 

//-almost surely. 

Let us come back to the infinite dimensional case: we first give an inequality 
which may be useful. 

Theorem 12.7.2 Assume that (W,n,H) is an abstract Wiener space, as- 
sume that K, L G ILq_(/x) with K > almost surely and denote byT : W — >■ W 
the transfer map T = I w + V0, which maps the measure Kdii to the measure 
Ldp,. Then the following inequality holds: 

\e[\V4>\ 2 h ] < E[- \ogK + logL o T] . (12.7.11) 
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Proof: Let us define k as k = K o T 1 , then for any / G Cb(W), we have 



w 



f{y)L{y)d^{y) 



f o T(x)K(x)d/i(x) 
f o T(x)k o T(x)dfJ,(x) 



hence 



T L 

~k'^ 



It then follows from the inequality 112.3.21 that 
1 



-E 



< E 



E 



L L 
k l ° g k 



log 



LoT 



koT. 

E[-\ogK + logLoT] . 



□ 



Suppose that <fi G E^i is a 1-convex Wiener functional. Let V n be the sigma 
algebra generated by {5ei, . . . , Se n }, where (e n , n > 1) is an orthonormal 
basis of the Cameron-Martin space H. Then <fr n = E[4>\V n ] is again 1-convex 
(cf. Chapter [TTT) . hence £<ft n is a measure as it can be easily verified. However 
the sequence n > 1) converges to £0 only in ID'. Consequently, there 

is no reason for the limit Lip to be a measure. In case this happens, we 
shall denote the Radon-Nikodym density with respect to /i, of the absolutely 
continuous part of this measure by C a 4>. 



Lemma 12.7.3 Let <p G ID2,i be 1-convex and let V n be defined as above and 
define F n = E[<f)\V n ]. Then the sequence (C a F n ,n > 1) is a submartingale, 
where C a F n denotes the /i- absolutely continuous part of the measure CF n . 

Proof: Note that, due to the 1-convexity, we have C a F n > CF n for any 
n G IN. Let X n = C a F n and / G ID be a positive, V^-measurable test 
function. Since ££'[0|V^] = I2[£0|l<'^], we have 

E[X n+1 f] > (CF n+1 ,f) 
= (CF n ,f), 

where (-, •) denotes the duality bracket for the dual pair (ID', ID). Conse- 
quently 

E[f E[X n+l \V n }} > (CF n ,f), 
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for any positive, V^-measurable test function /, it follows that the absolutely 
continuous part of CF n is also dominated by the same conditional expectation 
and this proves the submartingale property. □ 

Lemma 12.7.4 Assume that L G ILloglL is a positive random variable 
whose expectation is one. Assume further that it is lower bounded by a con- 
stant a > 0. Let T = Iw + V0 be the transport map such that Til = L .ji 
and let T" 1 = Iw + Vvb. Then Cvb is a Radon measure on (W, B{W)). If L 
is upper bounded by b > 0, then C<j) is also a Radon measure on (W, B(W)). 

Proof: Let L n = E[L\V n \, then L n > a almost surely. Let T n = I w + V0 n 
be the transport map which satisfies T n/ u = L n .11 and let T" 1 = I w + Vvb n 
be its inverse. We have 



L n = det 2 (l H + V^n) exp 



-C a yb n - ]^\Vvb n \ 2 H 



By the hypothesis — logL n < — log a. Since %b n is 1-convex, it follows from 
the finite dimensional results that det 2 (Ih + V^n) £ [0, 1] almost surely. 
Therefore we have 

£ai>n < ~ log a , 

besides Crb n < C a ip n as distributions, consequently 

£ip n < - log a 

as distributions, for any n > 1. Since lim„ Cip n = Cvb in ID', we obtain 
Cip < — log a, hence — log a — Cvb > as a distribution, hence Cvb is a 
Radon measure on W . This proves the first claim. Note that whenever L is 
upperbounded, A=l/LoTis lowerbounded, hence the proof of the second 
claim is similar to that of the first one. □ 



Theorem 12.7.5 Assume that L is a strictly positive bounded random vari- 
able with E[L] = 1. Let (j) e 1D 2 ,i be the 1-convex Wiener functional such 
that 

T = I w + V(p 

is the transport map realizing the measure L .fi and let S = Iw + V?/> be 
its inverse. Define F n = E[<f>\V n ], then the submartingale (C a F n ,n > 1) 
converges almost surely to C a (p. Let A(0) be the random variable defined as 

\(<i>) = lim inf A„ 

= (lim inf det 2 (l H + V 2 a F n )^j exp |-£ a - ^ |V0|^} 
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where 



A n = det 2 (l H + V 2 a F n ) exp |-£ a F n - i |VF n |^| . 



Then it holds true that 

E[foT\{<j))]<E[f] (12.7.12) 

for any f E C^{W), in particular A(0) < -^f almost surely. If E[\((f))] = 1, 
then the inequality in l[12.7.12\ ) becomes an equality and we also have 



LoT 



Proof: Let us remark that, due to the 1-convexity, < det 2 (Ih + V„-F n ) < 
1, hence the liminf exists. Now, Lemma [12.7.41 implies that £<f) is a Radon 
measure. Let F n = E[<p\V n ], then we know from Lemma ["12.7.3l that (C a F n , n > 
1) is a submartingale. Let £ + <f) denote the positive part of the measure £</>. 
Since C + 4> > C(f>, we have also > = CF n . This implies 

that E[C + (p\V ri ] > C+F n . Hence we find that 

supE[£+F n ] < oo 

n 

and this condition implies that the submartingale (C a F n ,n > 1) converges 
almost surely. We shall now identify the limit of this submartingale. Let 
C S G be the singular part of the measure CG for a Wiener function G such 
that CG is a measure. We have 

E[Oj>\V n ] = E[C a 4>\V n ]+E[C 9 4>\V n ] 
= L F + L F 

hence 

C a F n = E[C a <P\V n ]+E[C s <P\V n ] a 

almost surely, where denotes the absolutely continuous part of the 

measure i?[£ s 0|V^]. Note that, from the Theorem of Jessen (cf., for exam- 
ple Theorem 1.2.1 of [101]), lim n E[C+(j)\V n ] a = and lim„ E[Cj<j)\V n ] a = 
almost surely, hence we have 

lim C a F n = £ a (j) , 

n 

//-almost surely. To complete the proof, an application of the Fatou lemma 
implies that 



E[foT\(<f>)} < E[f] 

= E\foT 



LoT _ 
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for any / G C^(W). Since T is invertible, it follows that 

1 



A(0)< 



LoT 

almost surely. Therefore, in case E[X((f))] = 1, we have 

1 



LoT 1 

and this completes the proof. □ 



Corollary 12.7.6 Assume that K,L are two positive random variables with 
values in a bounded interval [a,b] C (0, oo) such that E[K] = E[L] = 1. Let 
T = I w + V4>, 4> G 102,1, be the transport map pushing Kdfi to Ldfi, i.e, 
T(Kd{x) = Ldfi. We then have 

LoTA(0) < K, 

\i-almost surely. In particular, if E[\(<f))} = 1, then T is the solution of the 
Monge-Ampere equation. 

Proof: Since a > 0, 

dTfi L b 
dfi K o T ~ a 

Hence, Theorem 112. 7. 121 implies that 

EifoTLoTX^)] < E[f L] 

= E[f oTK], 

consequently 

LoTA(0) < K, 

the rest of the claim is now obvious. □ 



For later use we give also the folowing result: 



Theorem 12.7.7 Assume that L is a positive random variable of class 1L log 1L 
such that E[L] = 1. Let <p G D 2i i be the 1- convex function corresponding to 
the transport map T = Iw + V0. Define T t = Iw + ^V0, where t G [0, 1]. 
Then, for any t G [0,1], T t p is absolutely continuous with respect to the 
Wiener measure ji. 
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Proof: Let <p n be defined as the transport map corresponding to L n = 
E[Pi/ n L n \V^\ and define T n as I w + V0 n . For t e [0, 1), let T Hit = I w + tV(j) n . 
It follows from the finite dimensional results which are summarized in the 
beginning of this section, that T n ^n is absolutely continuous with respect to 
//. Let L n j be the corresponding Radon-Nikodym density and define A n 4 as 

A n: t = det 2 (l H + tV 2 a 4>n) exp j-t£ a n - ^-|V0„|^| . 

Besides, for any t e [0, 1), 

((I H + tV 2 a <p n )h,h) H >0, (12.7.13) 

//-almost surely for any ^ h G H. Since <fr n is of finite rank. [T2.7. 131 implies 
that A n t > //-almost surely and we have shown at the beginning of this 
section 

1 

Kt - 



L n ,t ° T n t 

//-almost surely. An easy calculation shows that t —> logdet2(I + tV 2 a 4> n ) 
is a non-increasing function. Since £ a (fin > £0n, we have E[£ a (j) n ] > 0. 
Consequently 

E [L tjn log L t>n ) = E [log L n>t o T n>t ) 
= -£[logA t , n ] 



E 



< E 



t 2 



- logdet 2 (l H + tV 2 <f) n ) + t£ a <f) n + -\V<f) n \ 2 H 

- logdet 2 (l H + V 2 0n) + CaK + l\V(pn\H 



= E [L n log L n ] 
< E[L\ogL], 

by the Jensen inequality. Therefore 

sup log L„ it ] < oo 

n 

and this implies that the sequence (L n>t , n > 1) is uniformly integrable for 
any t G [0,1]. Consequently it has a subsequence which converges weakly in 
L x (//) to some L t . Since, from Theorem 112.4.21 lim n n = <ft in 1)2,1, where <fi 
is the transport map associated to L, for any / G Cb(W), we have 

E[foT t ] = HmE[foT n J 

= \im E[fL n J 

k 



E[fL 



t • 
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hence the theorem is proved. 



□ 



12.7.1 The solution of the Monge- Ampere equation via 
Ito-renormalization 

We can interpret the Monge-Ampere equation as follows: given two proba- 
bility densities K and L, find a map T : W —)■ W such that 



almost surely, where J(T) is a kind of Jacobian to be written in terms of T. 
In Corollary 112.7.61 we have shown the existence of some A(0) which gives 
an inequality instead of the equality. Although in the finite dimensional case 
there are some regularity results about the transport map (cf., [15J), in the 
infinite dimensional case such techniques do not work. All these difficulties 
can be circumvented using the miraculous renormalization of the Ito calculus. 
In fact assume that K and L satisfy the hypothesis of the corollary. First let 
us indicate that we can assume W = Cq([0, 1],IR) (cf., [101J, Chapter II, to 
see how one can pass from an abstract Wiener space to the standard one) and 
in this case the Cameron-Martin space H becomes if 1 ([0,1]), which is the 
space of absolutely continuous functions on [0,1], with a square integrable 
Sobolev derivative. Let now 



where T is as constructed above. Then A./i is a Girsanov measure for the map 
T. This means that the law of the stochastic process (t,x) — > T t (x) under 
A./i is equal to the Wiener measure, where T t (x) is defined as the evaluation 
of the trajectory T(x) at t G [0, 1]. In other words the process (t, x) —> T t (x) 
is a Brownian motion under the probability A./i. Let (J r f,t G [0, 1]) be its 
filtration, the invertibility of T implies that 



A is upper and lower bounded /i-almost surely, hence also A./i-almost surely. 
The Ito representation theorem implies that it can be represented as 



LoT J{T) = K 



V J? = B(W). 



*e[o,i] 
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where «(•) = f 6t s ds is an if-valued random variable. In fact a can be 
calculated explicitly using the Ito-Clark representation theorem, and it is 
given as 

a ' = B A [A|771 (127 ' 14) 
dt x A<i/z-almost surely, where E\ denotes the expectation operator with re- 
spect to A./i and D t A is the Lebesgue density of the absolutely continuous 
map t — > VA(t, x). From the relation (112.7. 14|) . it follows that a is a func- 
tion of T, hence we have obtained the strong solution of the Monge- Ampere 
equation. Let us announce all this as 

Theorem 12.7.8 Assume that K and L are upper and lower bounded den- 
sities, let T be the transport map constructed in Theorem \12.6.5i Then T 
is also the strong solution of the Monge- Ampere equation in the Ito sense, 
namely 

£[A 2 ]LoTexp j-^ a s dT s -^ \a s \ 2 ds^ = K , 
\i-almost surely, where a is given with ( 12.1.1$ . 



Chapter 13 

Stochastic Analysis on Lie 
Groups 

Introduction 

This chapter is a partial survey of the construction of Sobolev-type analysis 
on the path space of a Lie group. The word partial refers to the fact that 
we give some new results about the quasi- invar iance of anticipative transfor- 
mations and the corresponding measure theoretical degree theorems in the 
last section. Almost all the theory has been initiated by S. Albeverio and 
R. H.-Krohn ([!]), L. Gross ([381 A]) and M. P. Malliavin and P. Malliavin 
Q57J). Although the study of the similar subjects has already begun in the 
case of manifolds (cf. [T7]). we prefer to understand first the case of the Lie 
groups because of their relative simplicity and this will give a better idea of 
what is going on in former situation; since the frame of the Lie group- valued 
Brownian motion represents the simplest non-linear and non-trivial case in 
which we can construct a Sobolev type functional analysis on the space of 
the trajectories. 

After some preliminaries in the second section we give the definitions of 
the basic tools in the third section, namely the left and right derivatives 
on the path space. The fourth section is devoted to the left divergence, in 
the next one we study the Ornstein-Uhlenbeck operator, Sobolev spaces and 
some applications like the zero-one law. Sixth section is a compilation of 
the formulas based essentially on the variation of the constants method of 
the ordinary linear differential equations which are to be used in the follow- 
ing sections. Section seven is devoted to the right derivative which is more 
technical and interesting than the left one; since it contains a rotation of the 
path in the sense of (96]. We also define there the skew-symmetric rotational 
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derivative and study some of its properties. Eighth section is devoted to the 
quasi-invariance at the left and at the right with respect to the multiplicaton 
of the path with deterministic paths of finite variation. Loop space case is 
also considered there. 

Section nine deals with the absolute continuity of the path and loop mea- 
sures under the transformation which consists of multiplying from the left 
the generic trajectory with some random, absolutely continuous and antic- 
ipative path. We prove a generalization of the Campbell-Baker-Hausdorff 
formula which is fundemental. To prove this we have been obliged to employ 
all the recent sophisticated techniques derived in the flat case. Afterwards, 
the extension of the Ramer and the degree theorems are immediate. 

In this chapter we have focuse our attention to the probabilistic and func- 
tional analytic problems. For the more general case of Riemannian manifolds 
cf. and the references therein. 

13.1 Analytic tools on group valued paths 

Let G be a finite dimensional, connected, locally compact Lie group and Q 
be its Lie algebra of left invariant vector fields which is isomorphic to the 
tangent space at identity of G, denoted by T e {G) which is supposed to be 
equipped with an inner product. C = Cg denotes C e ([0, 1], G) (i.e., p(0) = e 
for p G Cq). C g denotes C ([0, 1], Q). Let 

H = H g =^heC g : J \h(t)\ 2 dt = \h\ 2 < ooj . 

Our basic Wiener space is (Cg, H, a). We denote by p(w) the solution of the 
following stochastic differential equation: 

p t = e+ [ p s (w)dW s (w) 
Jo 

where the integral is in Stratonovitch sense and W is the canonical Brownian 
motion on Cg. In general this equation is to be understood as following: for 
any smooth function / on G, we have 

f(p t ) = f(e) + f HJ(p s )dW:, 
Jo 

where (Hi) is a basis of Q and W\ = (Hi,W t ). Hence w i— >■ p(w) defines a 
mapping from Cg into Cg and we denote by v the image of \x under this 
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mapping. Similarly, if h £ H then we denote by e(h) the solution of the 
following differential equation: 

e t (h) = e + C e s (h)h s ds . (13.1.1) 
J o 

Theorem 13.1.1 (Campbell-Baker-Hausdorff Formula) For any h E 

H the following identity is valid almost surely: 

p(w + h) = e(AAp(w)h)p(w) , (13.1.2) 
where Adp(w)h is the H -valued random variable defined by 

(Adp(w)h) (t) = J* Adp s (w)h(s)ds. 

Remark: In case we work with matrices, Adp(w)h is defined as 

rt 

/ p s (w)/i(s)pj 1 (w)(is. 
Jo 

Remark: This theorem implies in particular that the Cc-valued random 
variable w — > p(w) has a modification, denoted again by the same letter p, 
such that h — > p(w + h) is a smooth function of h 6 H for any w <E Cg. 

Calculation of V(f(p t (w))): We have f(p t {w + \h)) = f(e t (Adp\h)p t ) 
where e t (h), h e H is defined by the equation (I13.1.ip . Let us write g = 
Pt{w) and F(x) = f(xg). Then 

F{e t {XAdph)) = F(e) + A / Adp s h s F(e s (AAdph))ds . 

Jo 

Hence 

^-F(e t (Mp\h))\ x=0 = f Ad Ps h(s)F(e)ds. 
a\ Jo 

Now if X is a left invariant vector field on G, then we have XF(x) = 

X(f(xg)) = X(f(gg~ l xg)) = (Adg _1 X)f(gx) by the left invariance of X. 

In particular, for x = e, we have XF(e) = (Adg~ x X)f(g). Replacing g with 

Pt(w) above, we obtain 

V h (f( Pt )) = Adp- 1 / t Ad Ps h s f( Pt )ds (13.1.3) 

Jo 

= (Adp^AdpAds)/^). (13.1.4) 
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Notation: In the sequel, we shall denote the map h >->■ J Adp s h(s)ds by 
9 p h or by Adph as before, depending on the notational convenience. 

Definition 13.1.2 If F : Cq — > H is a cylindrical function, h e H , we 
define 

L h F(p) = ^F(e(Xh)p)\ x=0 (13.1.5) 

R h F(p) = ^F(pe(Xh))\ x=0 , (13.1.6) 

where p is a generic point of Cq. L is called the left derivative and R is 
called the right derivative. 

A similar calculation as above gives us 

L h f(pt) = Adp-VtPt) (13.1.7) 
Rhfipt) = fkfipt). (13.1.8) 

If F{p) = f(p tl ,---,Pt n ), then 

n 

L h F(p) = ^Adp^h^Pt!,'--,^) (13.1.9) 

i=i 

n 

R h F(p) = Y,Kf(Pti,~-,Pu) (13.1.10) 
i=i 

n 

V h {Fop{w)) = 2Adp t T 1 (w)0 p(w) h ti f( Ptl ,...,p tn )(w). (13.1.11) 



i=l 



Proposition 13.1.3 Lh is a closable operator on L p (u) for any p > 1 and 

h G H . Moreover, we have 

(L h F){p(w))=V e -i {h) (F(p(w))) . 

p( w ) v ' 

Proof: Suppose that (F n ) is a sequence of cylindrical functions on Cq con- 
verging to zero in L p (u) and that (LhF n ) is Cauchy in L p (u). Then, from the 
formulas (7) and (9), we have 

M(pW)=V r i {h) (F n (p(w))) , 

since V is a closed operator on L p (fi), we have necessarily lim n L h F n = 
//-almost surely. □ 
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Remark 13.1.4 On the cylindrical functions we have the identity 

R h F(p(w)) = V m(h) (F(p(w))) 

where m(h) t = Adp t (w) f Adp~ 1 h(s)ds, but this process is not absolutely 
continuous with respect to t, consequently, in general, the right derivative is 
not a closable operator without further hypothesis on the structure of G, we 
will come back to this problem later. 

Remark 13.1.5 While working with matrix groups (i.e., the linear case) we 
can also define all these in an alternative way (cf. also |3"8] ) 

L h F(p) = J-F(e A V)U=o 
R h F(p) = ±F(pe Xh )\ x=0 , 

where e h is defined (pointwise) as e h (t) = e h<yt \ The advantage of this def- 
inition is that the right derivative commutes with the right multiplication 
(however, as we will see later the corresponding Radon-Nikodym derivative 
is more complicated): 

±F(pe Xh ) = R h F(pe Xh ), 

almost surely. Let us also note the following identity which can be easily 
verified on the cylindrical functions: 



d_ 

dX 

where 6 e (h)k €= H is defined as 

rt 

Remark 13.1.6 On the extended domain of L, we have the identity 



— F{pe{\h)) = R de{Xh)h F{pe{\h)) 



6 e[h) k(t) = f Ade s (h)k(s)ds. 

J 



L h Fop( w ) = V r i (ft) (Fo P ) (13.1.12) 

= KV(f°P)» (13-1.13) 
= (d m V(Fop),h) (13.1.14) 

if we assume that the scalar product of Q is invariant with respect to the inner 
automorphisms, in which case G becomes of compact type, hence linear, i.e., 
a space of matrices and 6 P becomes an isometry of H. 
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Proposition 13.1.7 If r] : Cq — > H is a measurable random variable, then 
we have 

(L v F)op = V r i {w) (Foy) 

= (9 p V(Fop),riop). 

Proof: By definition, F G Dom(L) iff F o p G Dom(V) and in this case 
/i i — ^ LhF induces an if -valued random variable, denoted by LF . Then, for 
any complete orthonormal basis (hi,i G IN) of H 

L v Fop = J2 L ht F °P(v,hi) op 

i 

= Y^Vo-ihi(F op)(rj,hi) H op 

i 

= '£Vo-ih i (Fop)(6- 1 riop,e- 1 h i ) H 

i 

= V 9-\ V o P )(Fop) 

= (6 p V(Fop),r l op) H 

□ 

13.2 The left divergence U 

If 7] : Cq — > H is a cylindrical random variable and if F is a smooth function 
on Cq, we have 

E U [L V F] = E^[(L v F)op} 

= E^[V e -i( V op)(F op)] 
= E^FopSiO-^nop))}. 

Since L is a closed operator, its adjoint with respect to v is well-defined and 
we have 

E V [L V F] = E v [FL*ri] 

= E^[Fop(L*r])op\. 

We have 

Proposition 13.2.1 The following identity is true: 

{L*r 1 )op = 5(e-\r 1 op)). 
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Proof: We have already tested this identity for cylindrical rj and F. To 
complete the proof it is sufficient to prove that the cylindrical F are dense 
in L p (u). Then the proof will follow from the closability of L. The density 
follows from the fact that (p t ; t G [0, 1]) and the Wiener process generate the 
same sigma algebra and from the monotone class theorem. □ 



Lemma 13.2.2 Let (1-Lt,t G [0,1]) be the filtration (eventually completed) 
of the process (pt,t G [0, 1]) and (Ft,t G [0, 1]) be the filtration of the basic 
Wiener process. We have 

E v [(t>\n t \op^E^t>op\Tt\ 

ix- almost surely. 

Proof: Let / be a smooth function on JR n . Then 



E^opfiPt, (w),...,p tn (w))] 



Ev[4>f{p tl ,---,Pt n j\ 

E u [E u [<f>\H t }f(p tl ,...,pt n )} 

^[^[0|^]op/(p tl H,...,p tn H)], 



since E v [(f)\T-L t ] op is .^-measurable, the proof follows. 



□ 



If F is a nice random variable on Cq and denote by 7r the optional pro- 
jection with respect to (F t ). Using Ito-Clark representation theorem, we 
have 

Fop = E^Fop] +5[irV{Fop)] 
= E l/ [F}+5[e p 6 p \V(Fop) 

= E u [F] + 5[e; ) \e p v{Fop) 

= E u [F]+5[e;\{LFop) 
= E u [F}+5[e; 1 (nLF)op) 
= E U [F] + (L*(fcLF)) op 

//-almost surely, where n denotes the optional projection with respect to the 
filtration (Tit)- Consequently, we have proved the following 

Theorem 13.2.3 Suppose that F G L p (u), p > 1 such that F op e D p ^. 
Then we have 

F = E v [F] + L*kLF 

v-almost surely. 
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13.3 Ornstein-Uhlenbeck operator and the Wiener 
chaos 



Let F be a nice function on C@, then 

(L*LF)op = L*(LF)op 

= 5[e~\LFop) 

= 5^-^(V(Fop))" 
= dV(Fop) 
= C(Fop), 

where C = <5V is the Ornstein-Uhlenbeck operator on W. 



13.3.15) 
13.3.16) 

[13.3.17) 
[13.3.18) 
[13.3.19) 



Definition 13.3.1 We denote by K the operator L*L and call it the Ornstein- 
Uhlenbeck operator on Cq. 

Let F be a cylindrical function on G, for t > 0, define Q t F(p) as 

QtF{p{w)) = P t {F o p){w) , 
where Pt is the Ornstein-Uhlenbeck semigroup on Cg, i.e., 

Ptf(w)= [ fie-'w + y/T- 

JCc 



-2t 



y)n{dy) 



Then it is easy to see that 



dt 



QtFip) 



t=o 



-KF(p) . 



Hence we can define the spaces of distributions, verify Meyer inequalities, 
etc. , as in the flat case (cf. [12]): Let <fi be an equivalence class of random 
variables on (Co, v) with values in some separable Hilbert space X. For 
q > 1, k G IN, we will say that cf) is in S q k(X), if there exists a sequence of 
cylindrical functions (<f) n ) which converges to <j) i n L q (y,X) such that (<f) n op) 
is Cauchy in JD q k (X). For X = IR, we write simply Sq ; k instead of S^^IR). 
We denote by S(X) the projective limit of the spaces (S q> k; q > 1, k G IN). 
Using Meyer inequalities and the fact that w p{w) is smooth in the Sobolev 
sense, we can show easily that, for q > 1, k G Z 

1. the left derivative L possesses a continuous extension from S qt k(X) into 
5~ fe _ 1 (X ® H), where 

5" fe (X) = U S q ^ k (X) . 

e>0 
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2. L* has a continuous extension as a map from S q> ).(X®H) into S q ^ k _ 1 (X). 

3. Consequently L maps S(X) continuously into S(X ® if) and L* maps 
S^X eg) iJ) continuously into S(X). 

4. By duality, L and L* have continuous extensions, respectively, from 
S'(X) to S"(X g> H) and from <g> H) to S"(X). 

We can now state the — 1 law as a corollary: 

Proposition 13.3.2 Let A G B(Cq) such that A = e(h)A v-almost surely 
for any h G H, then v(A) = or 1. 

Proof: It is easy to see that L^Ia — (in the sense of the distributions) for 
any h G H , hence, from Theorem 16.1.51 we obtain 

U = v{A) 

almost surely. □ 

Using the calculations above we obtain 
Proposition 13.3.3 We have the following identity: 

£ n (Fop) = (K n F)op 

fi- almost surely. 

Notation: In the sequel we will denote by r the operator 9 p (w) whenever 
p(w) is replaced by the generic trajectory p of Cq- 

Let F be a cylindrical function on Cq. We know that 

OO 1 

F o p = E,[F o p] + £ 5 n E,[V r \F o p)} . 
i=i n - 

On the other hand 

V(F op) = Q- 1 (LF op) = (t^LF) o p 
/x-almost surely. Iterating this identity, we obtain 

V n (Fop) = {( T - 1 L) n F)op. 

Therefore 

E,[V n {Fop)} = E tl [((r- 1 L) n F)op] (13.3.20) 
= E u [{T~ l L) n F\. (13.3.21) 
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On the other hand, for K in H m (i.e., the symmetric tensor product), we 
have 

E^[5 n KHop] = E,[(K,V n (Hop)) n ] 

= E v [{K,{r- l L) n H) n 

= E v [(L*r) n K H] 

= E,i((L*T) n K)opHop] , 

for any cylindrical function H on Cq, where (•, •)„ denotes the scalar product 
in H® n . We have proved the identity 

5 n K = ((LV)"^)op, 

consequently the following Wiener decomposition holds: 

Theorem 13.3.4 For any F G L 2 (u), one has 

OO 1 

F = E V [F\ + £ -(LV)« (E u [{T- l LTF\) 



n=l 
2 



where the sum converges in L 

The Ito-Clark representation theorem suggests us a second kind of Wiener 
chaos decomposition. First we need the following: 

Lemma 13.3.5 The set 



M/ = jexp (L*h - ±\h\ 2 H y, h e H} 



is dense in W{y) for any p > 1. 
Proof: We have 



L*hop = 5{6- p l w) h) 

= / 1 (Ad Ps 7 1 h(s),dW s ) 
Jo 

= f\h(s), Adp s dW s ). 
Jo 



By Paul Levy's theorem, t i— >• B t = J Adp s dW s defines a Brownian motion. 
Hence, to prove the lemma, it suffices to show that W and B generate the 
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same filtration. To see this, note that the process (p t ) satisfies the following 
stochastic differential equation: 



Since everything is smooth, we see that p{w) is measurable with respect to 
the filtration of B. But we know that the nitrations of p and W are equal 



Remark 13.3.6 Using the Brownian motion B t defined above we can also 
represent the Wiener functionals, this gives another Wiener chaos decompo- 
sition. 

13.4 Some useful formulea 

Let us first recall the variation of constant method for matrix-valued equa- 



df(p t ) = H l f(p t )dW t i 



(/ G C°°(G)), replacing dW t by Adp t dB t we obtain 



C //(pi) = Adp7 1 H i f( Pt )dBi. 



from the lemma 113.2.21 



□ 



tions: 



Lemma 13.4.1 The solution of the equation 



Pt(h) = $ t + [ f3 s (h)h(s)ds 



Jo 



is given by 




Corollary 13.4.2 We have 



_d_ 

dX 





(13.4.23) 



Corollary 13.4.3 We have 
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Corollary 13.4.4 We have 
d 



— Ade-^Ah)^ = -Ade^Ah) / Ade s (Ah)h s ds, k 
dX Uo 



Proof: Since AdeAde 1 = I, we have 

= -^-Ade t (Ah)Ade t - 1 (Ah)k t 
dX 



^Ade t (Ah)") Ade-^Ah)^ + Ade t (Ah)^-Ad e - 1 (Ah)k t , 



hence 



d_ 

dX 



Ade-^Ah)^ = -Ade-^Ah) ^Ade t (Ah)^ Ade^Ah)^ 



= -Ade"^ Ah) 



Ade s (Ah)h s ds,Ade t (Ah)Ade t - 1 (Ah)k 



= -AderVAh) [ f Ade s (Ah)h s ds, k t 
Uo 



□ 



In further calculations we shall need to control the terms like 
lAdeT^ht-AdeT^htlc. 

For this, we have 

Ade t _1 (v)h t - Ade t _1 (Q;)h t = C -^-Ade t _1 (Av + (1 - A)a)h t dA 

Jo dX 

= / — Ade~ 1 (A(v-o) + a)h t dA. 
Jo dX 

From the Corollary 6.3, we have 

-^-Ade t _1 (A(v - a) + a)h t = 
dX 

r rt 

— Ade ( ^ 1 (A(v — a) + a) / Ade s (A(v — a) + o)(v s — d s )ds, h t 

Uo 



Therefore 



|Ade- 1 (v)h t -Ade- 1 (a)h t | g < 
Ade s (A(v — a) + o)(v s - d s )ds, h t 



dX. 
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Now we need to control the (?-norm of the Lie brackets: for this we introduce 
some notations: let (e,) be a complete, orthonormal basis of Q. Since [e^, e-,] G 
Q we should have 



i e h ej] = E 7ij e * ■ 



k=i 



For h,k G Q, 



[h,k] 



i i 

E ^ikj[ei, ej] 



Consequently 



I [Mil! 



E 



E h i k dj 



1,3 



= EMlfclJlVll 



where | • I2 refers to the Hilbert-Schmidt norm on Q. Although this is well- 
known, let us announce the above result as a lemma for later reference: 



Lemma 13.4.5 For any h,k G Q , we have 



\[Kk\\G<\h\ Q \k\g (SIT*!! 



1/2 



We have also the immediate consequence 
Lemma 13.4.6 For any h,k G H 

Ade^vjht - Ade t _1 (a)h t < IMhMe / \v s - a s \ g ds, 

s Jo 

where ||^y ||| = It'II- 



210 Stochastic Analysis on Lie Groups 

Lemma 13.4.7 We have 
d 



dX 

Proof: We have 



(j)(e(Xh)p) = (L(j){e{\h)p),k&e{\h)h) 



hence 



therefore 



which gives 



e t {ah)e t {bh) = e 4 (aAde l (bh)h + bh) , 

e t (ah + bh) = e t (aAde~ 1 ( y bh)h)e t (bh) 
= e t (bAde~ 1 (ah)h)e t (ah) 

e t ((X + fj,)h) = e t (fiAde(Xh)h)e t (Xh) , 



^(e(Xh)p) = (L ( j ) (e(Xh)p),Ade(Xh)h) H 



□ 



13.5 Right derivative 

Recall that we have defined 

R h <P(p) = ^(pe(Xh))\ x=0 . 

Since Q consists of left invariant vector fields, we have, using the global 
notations : 

Rhf(pt) = (h t f)( Pt ), 

where h t f is the function obtained by applying the vector field h t to the 
smooth function /. The following is straightforward: 

Lemma 13.5.1 We have 

Pt (w)e t (h) = Pt Qf AdeT 1 (h)dW 8 + h) , 

where et(h) for h G H is defined in U3.1.1\) . 
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Lemma 13.5.2 We have 



E lt [R h Fop] = E /l [Fop fh s dW s 

J 



for any cylindrical function F. 

Proof: From the Lemma fl3-5.lt p t (w)e t (Xh) = pt(Xh + f Ade~ 1 (Ah)dW s ). 
Since f Ade~ 1 (Ah)dW s is a Brownian motion, it follows from the Girsanov 
theorem that 



E 



F(p(iw)e(A/0)exp j-A £(h„ Ade^AhJdW,) - y|h|* 



E[F] 



differentiating at A = gives the result. □ 

Definition 13.5.3 For h G H and F smooth, define 

• Q h F(w) by 

Q h F(w) = F^J o Ade; 1 (h)dW i 

note that since f Ade~ 1 (h)dW s is a Brownian motion, the composition 
of it with F is well-defined. 

• And 

X h F(w) = ^QxhF(w] 



A=0 



Example 13.5.4 Let us see how the derivation operator Xh operates on the 
simple functional F = exp 5k, k G H: we have 

Q Xh F = exp A^Ade^AlOdWs) 
J o 

= exp f (Ade s (Ah)k s ,dW s ) , 
J o 

hence 

X h e 5k = e 5k £ ([h(s),k s ],dW s ) . 

Proposition 13.5.5 We have the following identity: 

(R h F) o p = V h (F o p) + X h (F o p) , 
for any F : Cq — > 1R smooth. In particular, R^ and X^ are closable operators. 
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Remark 13.5.6 From the above definition, we see that 
(R 2 h yi = 5 2 h® 2 - £ (ih s ,h s ],dW s ) . 

Hence R* n does not give the pure chaos but mixes them with those of lower 
order. Here enters the notion of universal envelopping algebra. 

Notation : For h G H, we will denote by ad/i the linear operator on H 
defined as 

£dh(k)(t) = [\h(s),k(s)]ds. 
Jo 



Remark 13.5.7 Suppose that R h 5k = 0, i.e., 

(h,k)+ [\h s ,k s ]-dW s = 0. 
Jo 

Then (h,k) = and [h(t),k(t)] = rft-almost surely. Hence this gives more 
information than the independence of Sh and 5k. 

Remark 13.5.8 Suppose that R h F = a.s. for any h G H. Then we have, 
denoting F = E4(/ n ), RhF = implies 

nf n (h) + dr(ad/i)/ n _! = , k E H . 

Since f ± = (this follows from E[R h F] = E[V h F] = 0), we find that f n (h) = 
for any h G H, hence /„ = 0, and F is a constant. 

Remark 13.5.9 If X h F = for any h G H, we find that 

dT(^dh)f n = 

for any h G H and for any n. Therefore / n 's take their values in the tensor 
spaces constructed from the center of Q. 

Recall that in the case of an abstract Wiener space, if A is a deterministic 
operator on the Cameron-Martin space if, then the operator dT(A) is defined 
on the Fock as 

rfr(A)0 = f t ne tA )<p\ t=0 

for any cylindrical Wiener functional 0. We will need the following result 
which is well-known in the Quantum Field Theory folklore: 
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Lemma 13.5.10 Suppose that A is a skew-symmetric operator on H (i.e., 
A + A* = 0). Then we have 

dT(A)(f) = 5AV(f) , 

for any <p G U P>1 D P)2 . 

Proof: By a density argument, it is sufficient to prove the identity for the 
functional = exp[Sh — l/2|/i|#] , h G H. In this case we have 



T(e tA )(f> = exp{6e tA h-^\e tA h\ 2 H } 
= exp ^5e tA h - t^Ih} 



where the last equality follows from the fact that e tA is an isometry of H. 
Hence, by differentiation, we obtain 

dT(A)(f) = 5{Ah)<t>. 

On the other hand 

5AV(j) = 5 [Ah e Sh -^« 

= [5(Ah)-(Ah,h) H }e Sh -^ w » 
= 5(Ah)e Sh -^H, 

since (Ah, h) H = 0. □ 

As a corollary, we have 

Corollary 13.5.11 For any cylindrical function F on (Cg,H,ji), we have 
the following commutation relation: 

[V h ,X k }F = -V~ dk{h) F, 

where h, k G H . 
We have also 

Proposition 13.5.12 Let <fi be a cylindrical function on (Cg,H,fi) and h G 
H. We have 

^[(^0) 2 ]<||7ll^l^{|V0|^+||V 2 0||^}, 

where 7 is the structure constant of Q and \\ ■ || 2 denotes the Hilbert- Schmidt 
norm of H <g> H . 
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Proof: From Lemma [13.5.101 we have X^cj) = S (&dh(V . Hence 



E 



(X h <j)) 2 =£[|adW0|^]+£ 



trace 



(VadW0 



From Lemma [13.4.51 we have 



and 



trace 



(VadW0 



□ 



Suppose that u G D(H) and define X U F, where F is a cylindrical function 
on Cg, as S&duVF. Then using similar calculations, we see that 



Corollary 13.5.13 We have the following majoration: 

E[\X U F\ 2 ] < h\\ 2 E[\u\ 2 H \VF\ 2 H 

+ 2|| 7 || 2 £ [M|||V 2 F||2 + ||V«||1|VF|^ 



13.6 Quasi-invariance 

Let 7t be a curve in G such that t >-)■ j t is absolutely continuous. We can 
write it as 

d-lt = %dt 

= Itlt^itdt 

Hence ^ t = e t(Jo % l jsds) provided Jq \^t lA f t \ 2 dt < oo. Under these hypoth- 
esis, we have 

7tPt(w) =p t (w + J AdpJ 1 (w)(% lA f s )ds 

For any cylindrical : G — > H, we have 

E v [<p(jp)J 1 ] = E v [<j>] 

where 

J 7 op(w) = exp {-JjAdp^fc^dW.) - \ £ ITJH.I 2 ^} • 
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Similarly 

Pt(w)j t = Pt (J Adj~ l dW s + J % lA f s ds^j , 

hence 

E v [<P(p 1 )K 1 ] = EM 

where 

K 1 o p(w) = exp j- f ( 7 ; 1 7., Adj^dWs) --J Ij'^dsl 

= ew{-£(i.%\<W,)-±£\7;%\ 2 ds} . (13.6.24) 

As an application of these results, let us choose 7 = e h and denote by Kh 
the Radon- Nikodym density defined by 

E v [F(pe h )]=E[FK h ). 

Since A 1— > K\h is analytic, from Remark I13.1.5[ for smooth, cylindrical F, 
we have 

E[F(pe Xh )] = J2-jE[R n h F(p)} 



„=o n - 



00 \n 

EzjZ[F(p)Rl*l] 



n=0 U - 



hence we have the identity 



00 \n 

K * = E 



„=o n! 



Let us now choose F(p) of the form f{pi), where / is a smooth function on 
G. Then 



00 \n 

E[f( Pl e Xh ^)] = EtT^/(pi)] 



n=0 n! 



00 \ n 

E -rW)V(Pi)] • 



n=0 n! 



Let q(x)dx be the law of pi where dx is the right invariant Haar measure on 
G. Then 

E[h(l) n f( Pl )] = [ h(l) n f(x) q(x)dx 



(-1)"/ 



Hence we have proved 
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Proposition 13.6.1 We have the following identity: 




for all x G G. In particular, if h{l) = then 

E u [K h \ Pl = x] = l 



for all x G G. 

Proof: The only claim to be justified is "all x" instead of almost all x. This 
follows from the fact that x i-> E u [K h \pi = x] is continuous due to the non- 
degeneracy of the random variable p 1 in the sense of the Malliavin calculus. 



Although the analogue of the following result is obvious in the flat case, in 
the case of the Lie groups, the proof requires more work: 

Proposition 13.6.2 The span of {K h ; h G H} is dense in U{y) for any 



Proof: Let us denote by 9 the span of the set of the densities. Suppose that 
F G L s with -E^-F] = 0, where s is the conjugate of r, is orthogonal to B. In 
the sequel we shall denote again by F the random variable defined asw4 
F op(w). From the orthogonality hypothesis, we have E[K%F] = for any 
h G H and n G IN ( we have not made any differentiability hypothesis about 
F since all these calculations are interpreted in the distributional sense). For 
n — 1, this gives 



□ 



r > 1. 



= E,[V h F + X h F] 
= E^[V h F], 



since X h + XI = 



For n = 2 







E^VlF + X h V h F + V h X h F + X 2 h F] 
^[V^l + EJVAF]. 



Also we have from the calculations of the first order 



E,[V h X h F] 



E,[X h F5h] 

-E^[FS(adh(h))} 

-E^[(VFMh(h)) H ] 



= 0. 
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By polarization, we deduce that, as a tensor in H®, E^[V 2 F] = 0. Suppose 
now that _E M [V l F] = for i < n. We have 

E^[R n h +l F] = E^[Vl +1 F] + supplementary terms. 

Between these supplementary terms, those who begin with or its powers 
have automatically zero expectation. We can show via induction hypothesis 
that the others are also null. For instance let us take the term En[VhX£F]: 

E^[V h XZF] = E^[X%F5h] 

= (-l) n E^F5((adh) n h)} 
= 0, 

the other terms can be treated similarly. □ 

We shall apply these results to the loop measure by choosing a special 
form of 7. Let us first explain the strategy: replace in the above expressions 
the random variable <p{j>{w)) by o p(w) f (pi(w)) . Then we have 



4>{lP{w)) f{l(l)Pi)Jry P{w) = E^[<po p{w)f{pi(w))} 



and 



E„ 



<j)(p(w)rf) /(pi7(l))K 7 o p( w ) = E^[(f) o p(w)f(p 1 (w))} . 



We shall proceed as follows: let / : G — > IR be a smooth cylindrical function. 
Replace in the above expressions the map <fi o p by o p f(pi(w)) where / is 
a smooth function on G. Then we have on the one hand 

E v \<P(lp) /(T(l)Pi) Jj] = E v [HP) /(Pi)] (13.6.25) 

and on the other hand 

E v \<P(pi) /(Pit(1)) K 7 ] = E v [<f>(p) f( Pl )] . (13.6.26) 

Choose 7 such that 7(1) = e (i.e., the identity of G). Hence (I13.6.25P becomes 

E v [<f>(lP)f{Pl)J-y)=E[<t>{p)f(Pl)}, 

therefore 



E„ 



IG 



<^(7P)^y(P) 



Pi = X 



f(x)q 1 {x)dx 



E„ 



G 



<f)(p) 



Pl = X 



f(x)qi(x)dx 
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where dx is the Haar measure on G and qi is the density of the law of pi with 
respect to Haar measure which is smooth and strictly positive. Consequently 
we obtain 



E„ 



0(7p)J 7 (p) 



Px — x 



E„ 



(j)(p) 



pi = x 



Since both sides are continuous with respect to x, this equality holds every- 
where. We obtain a similar result also for the right perturbation using the 
relation (I13.fi.2fip . 

A natural candidate for 7 for the loop measure based at e, i.e., for the 
measure E v [- \p\ = e] which we will denote by E ly would be 

lt {h) = e t (h)e^ l (th). 

From the calculations of the sixth section, we have 

7 t (/i) = e t (h)[h t e^\th) - e^(th)(d e{th) h)(l)] . 

Hence 

Lemma 13.6.3 For 7t(/i) = et(ti)ei (th) , we have 

% l m t {h) = Ad ei (th)h t - (0 e (th)h)(l) • 

In this case J~ becomes 



Jj P — ex P ~~ 



exp 



For K 1 we have 
A d7t(7 t _1 7t 



Adpr i [Ade 1 (sh)h s - (0 e(Bh) h)(l)],dW f 



1 r 1 



2 Jo 



|Adei(sh)h s 



7 c (sh) 



h)(l)| 2 ds. 



Since 

K n op = exp 
exp 



= Ade t (h)h t - Ad(e t (h)er 1 (th))(0 e(th) h)(l) . 
is Ad-invariant, we have 



Ade t (h)h t -Ad(e t (h)er 1 (th))(^ e(th) h(l)),dW t 
h t -Me^\t\i){e c{th) \i{l))\ 2 dt. 



Remark 13.6.4 Note that 7 as chosen above satisfies the following differ- 
ential equation: 

7t = 7t (A)[Ade 1 (th)h t -0e(th)h(l)]. 
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Let us calculate 

^t0(P7(M))|a=o and ^0(70%) |a=o 

for cylindrical 0. Denote by Po : H — > Hq the orthogonal projection defined 
by 

p h(t) = h(t) - th{l) . 

Then it is easy to see that 

4^(7(A/i)p)|a=q = L Poh (j)(p) 

and ^ 

— 0(pt(A/i))|a=o = Rp h<j>(p) ■ 

Moreover, we have 



d_ 

dX 



^y(M)(pW)U=o = - / (Adp s - 1 (w)(h s - h(l)),dW ; 



and 

^K 7{Xh) ( P )\ x=0 = - jT 1 (X - /i(l),tW t 
Consequently we have proven 

Theorem 13.6.5 For any cylindrical function (ft on the loop space of G, we 
have 

E l [L Poh( j ) } = E 1 [ ( f ) L i 'P h} 

and 

E 1 [Rp Qh <f ) } = E 1 [ ( f ) 5Poh} 

for any h G H . In particular, the operators Lp h and Rp h are closable on 
LP[yi) for any p > 1. 

Before closing this section let us give a result of L. Gross (cf. [38J): 

Lemma 13.6.6 For a < 1 the measure u{- \p(l) = e) is equivalent to v on 
(Cc'Ha) and for any T-L a -measurable random variable F, we have 



E u [F\p(l) = e] = E v 



p qi- a (p a ,e) 



qi(e,e) 

where q t is the density of the law of pt with respect to the Haar measure. 
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Proof: Without loss of generality we can suppose that F is a continuous and 
bounded function on Cq- Let g be a nice function on G, from the Markov 
property, it follows that 



E u [Fg(p(l))]=E 



(Pa,y)g(y)dy 

J G 



On the other hand, from the disintegration of measures, we have 
E v [Fg[p{l))\ = I E v [F\p(l) = y]g(y) qi (e,y)dy. 

J G 

Equating both sides gives 

E„[F\p(l) = y] = — -r- — ^E V [F qi- a (p a , y)\ 

dy-almost surely. Since both sides are continuous in y the result follows if 
we put y = e. □ 

Remark 13.6.7 Note that we have the following identity: 
E v [F{p)\p{\) = e]= E^Fop(w)\ Pl (w) = e] 
for any cylindrical function F on Cq- 

13.7 Anticipative transformations 

In this section we shall study the absolute continuity of the measures which 
are defined as the image of v under the mappings which are defined as the left 
multiplication of the path p with the exponentials of anticipative ^-valued 
processes. To be able to use the results of the flat case we need to extend 
the Campbell-Baker-Hausdorff formula to this case. We begin by recalling 
the following 

Definition 13.7.1 Let (W,H,fj,) be an abstract Wiener space. A random 
variable F defined on this space is said to be of class i?^ fc if F e D q r for 
some q > 1, r > 1 and 

sup \V k F{w + h)\ e L p {fi). 

\h\ H <a 

• If p = 0, we write F e B° ak , 
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• We write F G k if the above condition holds for any a > 0, and 
F G iC jOC ifFe iC ifc for any k G IN. 

• Finally, we say that F G R(oo) if F G i?^ ^ /or any p > 1. 

Remark 13.7.2 The importance of this class is easy to realize: suppose 
that u is an H- valued random variable, and let F G -R^oo- ^ ^ s a 
sequence of random variables of the form J2i<oo hi^A, converging in prob- 
ability to u, with Ai fl Aj =0 for i ^ j, hi G H, then we can define 
F(w + u n (w)) as J2F(w + hi)lAi{w) and evidently the sequence (F o T n ) 
converges in probability, where T n = Iw + u n . Furthermore, the limit is in- 
dependent of the particular choice of the elements of the equivalence class of 
u. Moreover, if we choose a sequence approximating F as F n = E[Pi/ n F\V n ], 
where (h n ) is a complete basis of H, V n is the sigma algebra generated by 
Shi, • • ■ , 5h n and Pu n is the Ornstein-Uhlenbeck semigroup at t — 1/n, then 
sup n sup| h | <Q , \ V k F n (w + h)\ < oo almost surely for any a > 0, k G IN, and 
we can show, using an equicontinuity argument (cf. [101]) that the limit of 
(F o T n ) is measurable with respect to the sigma algebra of T = I w + u. 

Lemma 13.7.3 For any t > 0, the random variable w h-> pt{w) belongs 
to the class R(oo). Consequently, for any H -valued random variable u, the 
random variable w i— > Pt{w + u(w)) is well-defined and it is independent of 
the choice of the elements of the equivalence class of u. 

Proof: In fact in [10 lj , p. 175, it has been proven that any diffusion with 
smooth coefficients of compact support belongs to R ^^- In our particular 
case it is easy to see that 

sup ||V fe p t O + /0ll en p L p (fi) 

\h\ H <a 

for any a > and k, n G IN, where || • || is the Euclidean norm on M(lR ri )®iJ (glfc 
and M(H n ) denotes the space of linear operators on IR n . □ 

Lemma 13.7.4 Suppose that £ G R^ tOQ (H) n D(H), and 5£ G >00 and 
that u G D(H) with \u\h < a < a almost surely. Denote by T the mapping 
Iw + u ; then we have 

(50 o T = 5(£ o T) + (£ o T, + traceiWi oT-Vu), 



almost surely. 
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Proof: Let (e^) be a complete, orthonormal basis in H, denote by the 
sigma algebra generated by {Sei, ■ ■ ■ , 5ek}, by Tik the orthogonal projection 
of H onto the vector space generated by {ei, ■ • • , e^}. Let u n be defined as 
E[7r n Pi/ n u\Vn], then \u n \H < a almost surely again. From the finite dimen- 
sional Sobolev injection theorem one can show that the map <fi i— >■ cf) o T n is 
continuous from D into itself and we have 

V(0oT n ) = (/ + VM n )*V0oT n 

(cf. |101j ). For £ as above, it is not difficult to show the claimed identity, 
beginning first with a cylindrical £ then passing to the limit with the help of 
the continuity of the map <fi i— >■ o T n . To pass to the limit with respect to 
n, note that we have 

|5f oT n - 5£ oT\ < sup \V6£(w + h)\ H \u n (w) - u(w)\ H , 

\h\ H <a 

and, from the hypothesis, this sequence converges to zero in all the IP spaces. 
For the other terms we proceed similarly. □ 



Theorem 13.7.5 Let u be in D q \(H) for some q > 1, then we have 

p t oT{w) = e t (9 p u)pt{w) , 

where e t {6 p u) is the solution of the ordinary differential equation given by 
e t = e t Adp t u t . 

Proof: Suppose first that u is also bounded. From Lemma fl 3 .7. 31 p t belongs 
to R(oo) hence the same thing is also true for the Stratonovitch integral 
JoP s dW s . We can write the Stratonovitch integral as the sum of the Ito 
integral of p s plus \ J Cp s ds, where C denotes the Casimir operator (cf. [25]). 
Since sup r<t \e r (9 p h)\ < expt\h\n, t pt ° T is almost surely continuous. 
Moreover, it is not difficult to see that fQCp s ds is in R(oo). Hence we can 
commute the Lebesgue integral with the composition with T. Consequently 
we have, using Lemma [13. 7. 4} 

[ t Ps dW s )oT= [ t p s oT8W s + f]-Cp s oTds 
Jo J Jo Jo 2 

+ [ p s oT u s ds 
Jo 

+ 11 (D r p s ) o T D s ii r drds 
Jo Jo 
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where 8W S denotes the Skorohod integral and D s (j) is the notation for the 
Lebesgue density of the if -valued random variable V</>. We can write this 
expression simply as 

/ p s dW^\ o T = [ p s o Td°W s + [ p s o Tu s ds , 
Jo ) Jo Jo 

where d°W s represents the anticipative Stratonovitch integral, i.e., we add 
the trace term to the divergence, whenever it is well-defined. Therefore we 
obtain the relation 

p t oT = e + [ p s o Td°W s + [ p s o Tii s ds . 
Jo Jo 

Let us now develop e t (9 p u)p t (w) using the Ito formula for anticipative pro- 
cesses (cf. [90]): 

e t {0 P u)pt{w) = e + J e s (6 p u)p s (w)d°W s + J e s (6» p ?i)Adp s u s p s ds 

= e+ f e s (d p u)p s (w)d°W s + [ e s (9 p u)p s u s ds . 
Jo Jo 

Hence, both p t o T and e t {6 p u)p t satisfy the same anticipative stochastic 
differential equation with the obvious unique solution, therefore the proof is 
completed for the case where u is bounded. To get rid of the boundedness 
hypothesis, let {u n ) be a sequence in D q ^(H) converging to u (with respect 
to (q, l)-Sobolev norm) such that \u„\h < 2n + 1 and u n = u on the set 
{w : \u{w)\h < n}. Then from the bounded case, we have p t {w + u n {w)) = 
Gt(& P u n )(w)p t (w) almost surely. Moreover both sides of this equality converge 
in probability respectively to p t oT and e t (9 p u)p t and the proof is completed. 

□ 

The following results now follow immediately from the flat case and The- 
orem 113.7.51 using the change of variable formula for the anticipative shifts 
on the abstract Wiener spaces (cf. [HI]), we can prove 

Theorem 13.7.6 Suppose that u : Cq — >■ H be a random variable such that 

1. \\Lu\\l<x>(v,H®H) < oo, 

2. || ||Ltt||op < c < 1, where c is a fixed constant. 
Then we have 

E u [F{e{6 p u{p))p)\J u \} = E U [F] 
for any F G C^iCc), where 

J u = det 2 (lH + 9~ l Lu) exp -L*(9 p u) - ^|w| 2 . 
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Proof: Let us denote by u'(w) the random variable uop which is defined on 
W — C([0, 1], Q). From Campbell-Baker-Hausdorff formula, we have 

p(w + u'(w)) = e{6 p{w) u'{w))p{w) 

(in fact here we are dealing with anticipative processes but the calculations 
go as if the things were adapted thanks to the Stratonovitch integral which 
defines the trajectory p). We know from [91] that 

E^Fipiw + u'{w)) \K'\] = E^[F{p{w))} 

where 

A u i = det 2 (/# + Vm'(w)) exp — 5u — -^\ u '\ 2 ■ 
To complete the proof it suffices to remark that 

Vu'{w) = V(«op(w)) 

= 6 p l Luop{w) 
8u'{w) = 5(uop)(w) 

= L*(6 p u) o p(w) . 

□ 



We shall observe first the based loop space case. We need the following 
notations: if 7(t) is an absolutely continuous curve with values in G, we 
denote by ^(7) the curve with values in Q defined by 

k(7)* = / 7 s _1 7^s , 
J 

where we use, as before, the matrix notation. 

Theorem 13.7.7 Suppose that 7 : [0, 1] x Cq —> G be a random variable 
which is absolutely continuous with respect to dt and that 7(0) = 7(1) = e, 
where e denotes the unit element of G. Suppose moreover that 

1. \\L9p 1 k^Wl^^h^h) < 00, 

2. || ||L^p 1 K(7)|| op || L ^ H < c< I, 

3. J 1 G SV,i for some r > 1, where SV,i is the Sobolev space on Cg which 
consists of the completion of the cylindrical functionals with respect to 
the norm \\<f)\\ r ,i = \\<P\\l-(u) + \\L(fr\\ L r {U:H) . 
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Then we have 

Ei [F( 1 (p)p)\J 1 \] = E 1 [F] 
for any F G Cb(Cc), where 

J 7 = det 2 (I H + e^Le- 1 ^)) exp |-L*«( 7 ) - ^H 7 )| 2 } ■ 

Proof: It is sufficient to take u = 9~ l K(y) in the preceding theorem and then 
apply the usual conditioning trick to obtain 

^[F( 7 (p)p)|J 7 |b(l) = V} = E„[F\p{l) = y] 

dy-almost surely. Note that by the hypothesis, there is some q > 1 such that 
J 7 op belongs to the Sobolev space E) gl and e e op(l) (e e denotes the Dirac 
measure at e) belongs to f] s JD S _i (cf. |103j ). hence both sides of the above 
equality are continuous with respect to y and the proof follows. □ 



13.7.1 Degree type results 

In this section we will give some straight-forward applications of the measure 
theoretic degree theorem on the flat Wiener space to the path and loop spaces 
on the Lie group G. The following theorem is a direct consequence of the 
results of the preceding section and the degree theory in the flat case (cf. 
[92 EE], D2I] and Theorem EEM) ■ 

Theorem 13.7.8 Let 7 : [0, 1] x Cq — ^ G be a random variable which is 
absolutely continuous with respect to dt and that 7(0) = e. Suppose moreover 
that, for some a > 0, 

1. J 7 G L 1+a (v), 

2. J 7 (l B + O^LOp 1 ^)) h G L 1+a (u), for any heH, 

3. k(j) G S r> 2(H), for some r > where SV,2 is the Sobolev space of 
H -valued functionals as defined before. 

Then we have 

E v [F{ 1 {p)p)J 1 ]=E v [F}E v [J 1 }, 

for anyFe C b (C G ). 

The following is a consequence of Theorem 3.2 of [98J: 
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Proposition 13.7.9 Suppose that /t( 7 ) G S qt \(H) for some q > 1 and that 

exp (-IV«( 7 ) + 1/211^-^(7)11^) e L 1+ V) , 
/or some 6 > 1 . Then 

£„[J 7 ] = 1. 
Let us look at the loop space case: 



Proposition 13.7.10 Lei 7 fre as in Theorem \13.7.S\ with 7(1) = e and 
suppose moreover that J 7 G 5 C) i ; for some c > 1. T/ien 

£1 [F( 7 (p)p)J 7 ] = S 1 [F]S J ,[J 7 ], 
/or any smooth, cylindrical function F. 

Proof: Let / be a nice function on G. From Theorem 9.4, we have 

E v {F{ 1 {p)p)f{p l )J 1 ] = E u [F( 1 (p)p)f( ll (p)p 1 )J,] 

= E u [F(p)f(p 1 )]E u [J 1 ] 

hence 

^[F( 7 (p)p) J 7 | Pl = n] = ^[^(P)bi = v]Eu[Jt\ 

dy almost surely. Since both sides are continuous with respect to y, the 
equality remains true for every y G G. □ 



Remark 13.7.11 Note that the "degree" of 7, namely E^J^] remains the 
same in both path and loop spaces. 
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